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EFFECTIVE EQUIDISTRIBUTION OF TWISTED HOROCYCLE 
FLOWS AND HOROCYCLE MAPS 


LIVIO FLAMINIO, GIOVANNI FORNI, AND JAMES TANIS 

Abstract. We prove bounds for twisted ergodic averages for horocycle flows 
of hyperbolic surfaces, both in the compact and in the non-compact finite area 
case. From these bounds we derive effective equidistribution results for horocy¬ 
cle maps. As an application of our main theorems in the compact case we further 
improve on a result of A. Venkatesh, recently already improved by J. Tanis and 
P. Vishe, on a sparse equidistribution problem for classical horocycle flows pro¬ 
posed by N. Shah and G. Margulis, and in the general non-compact, finite area 
case we prove bounds on Fourier coefficients of cups forms which are off the 
best known bounds of A. Good only by a logarithmic term. Our approach is 
based on Sobolev estimates for solutions of the cohomological equation and on 
scaling of invariant distributions for twisted horocycle flows. 
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1. Introduction 

In this paper we prove bounds for twisted ergodic averages for horocycle flows 
of hyperbolic surfaces, both in the compact and in the non-compact finite area case. 
From these bounds we derive effective equidistribution results for horocycle maps. 
We also improve upon a result of A. Venkatesh [25] on a question of N. Shah [19] 
on a sparse equidistribution problem for the horocycle flow. Finally, from our 
estimates in the non-compact finite area case we derive bounds for the Fourier 
coefficients of automorphic forms which coincide with the best known bounds due 
to A. Good [12] up to logarithmic terms. 

Our main results can be stated as follows. Let {ht} denote the stable horocycle 
flow on the unit tangent bundle M of a finite area hyperbolic surface S of constant 
curvature —1. Let {at} be the geodesic flow on M and let dist be the distance 
function on M xM determined by a metric on M for which the orbits of {at} are 
geodesics (the choice of this metric will appear in Section 2). 

Let xo be a fixed point in M. ForanyxGM, let dM{x) := dist(x,xo). For AG [0,1] 
and Q> 0, let us define subsets of “Diophantine points” 


(1) Ma,q := {x G M : dM{at{x)) <At + Q for all f > 0} . 


When M is compact, there is some Q> 0 such that Mo,g = M. More generally, 
VJq^qMi q = M, and by the logarithm law of geodesics, for any A G (0,1], the set 
\Jq^qMa,q has full Haar measure, see [22]. In fact, for almost all x G M we have 


( 2 ) 


limsup 

t — 


dM{at{x)) 

logki 


1 

2 ■ 


For all 5 G M, let W\M) denote the Sobolev space of square-integrable functions 
on the unit tangent bundle M with respect to the normalized volume measure. 

Theorem 1.1. For every s>l and for every (A, 2) G [0,1) x there is a constant 
CsA.Q •= Csa^q{M) > 0 such that the following bounds hold: for every A G M\ {0}, 
for every (x, T) ^ M x 1R+ such that x and hT{x) G Ma,q and jATj >e, for every 
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zero-average function f G W^{M), we have 


By the logarithm law of geodesics, for all £>0 there exists a measurable function 
Cs^e ■ ^ finite almost everywhere, such that, if\)iT\ >e. 


e'^’f o ht {x)dt I < Cs^e (^)G,e {hj {x 


(4) 




Moreover, when M is compact or when M is non-compact but x belongs to a 
(closed) cuspidal horocycle of length T > I such that XT £ Itih, there exists a 
constant Cs := Cs{M) > 0 such that, if\XT\ >e. 


(5) 


I j\'^’fohfx)dt\ < cj/||,(i + ^)rV6iogi/2(|Ar|), 


Bounds in the regime \XT\ < e can immediately be derived by integration by 
parts from bounds on ergodic integrals of the horocycle flow, which are well-known 
(see for instance [3], [6], [21]). In fact, 

[ e‘^‘f oht{x)dt = e‘^^ [ foht{x)dt — iX [ e’^‘ [ f ohi(x)dx, 

Jo Jo Jo Jo 

whenever \XT\ < e we have the bound 

I [ e'^*f oht{x)dt\ <1 [ f oht{x)dt\-\- — [ \ [ f o hx{x)d'c\dt. 

Jo Jo T Jo Jo 

We remark that a different integration by parts, which this time exploits the cancel¬ 
lations given by the (fast) oscillations of the exponential function, implies that for 
/ G (M) in the regime \XT\ > 7^+^ we have, for all x G M and for all T > I, 


\j^ e^^‘foht{x)dt\ < ||/||ci(M)^^ <3 ||/||c1(m)7’ 


1 -/? 


Theorem 1.5 of [ 6 ] provides a precise asymptotics for large T > 0 of the ergodic in¬ 
tegral Jq foht{x)dt in terms of invariant distributions for the horocycle flow. A re¬ 
finement of the asymptotics, in terms of finitely additive measures on horocycles, 
is developed in [ 2 ] with applications to limit probability distributions for horocycle 
flows. In particular, in the compact case the following result holds. Let /Tq > 0 
denote the smallest non-negative eigenvalue of the Laplace-Beltrami operator A 5 
of the hyperbolic surface S and let 


- \o 


if Mo < 1 ; 
if Mo > 1 • 
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For every s > 3 there exists a constant Q > 0 such that for every zero-average 
function / G W^{M), for all {x,T) G M x M+, we have (see also [3]) 

I rfoh,{x)dt\<C,\\fU\ + T-^+T^/Hog{e + T)). 

Jo 

The equidistribution of horocycle flows on surfaces of constant negative curvature 
was proved by H. Furstenberg [9] in the compact case and by Dani [5] in the non¬ 
compact finite area case. In the first case the horocycle flow is uniquely ergodic, 
while in second case all orbits equidistribute except for finitely many one-parameter 
families of closed (cuspidal) horocycles. 

The effective equidistribution, that is, bounds on the speed of convergence of er¬ 
godic averages, for horocycle flows of hyperbolic surfaces (the case A = 0 in The¬ 
orem 1.1) has been investigated thoroughly in the past decades, both for compact 
and non-compact, finite area surfaces [26], [17], [3] (in the general geometrically 
finite case), [13], [6], [20], [21], [2] (which proves results on limit distributions of 
ergodic integrals in the compact case). All these results indicate that in general the 
speed of convergence of ergodic averages of sufficiently smooth functions depend 
on the spectral gap of the Laplace-Beltrami operator of the surface. In fact, a rather 
complete asymptotics for ergodic averages of smooth functions was established in 
[6] and later refined in [2], where results on limit distributions of probability distri¬ 
butions given by ergodic integrals were derived. 

A striking feature of our effective equidistribution result (Theorem 1.1) in the 
regime AT > e is its independence from the spectral properties of the Laplace- 
Beltrami operator (“spectral gap”)- To the best of our knowledge this phenomenon 
was first conjectured by Venkatesh (the third author of this paper learned of this 
conjecture directly from A. Venkatesh in Spring 2012, the second author from 
P. Vishe in Spring 2014). Indeed, the first effective bounds on twisted ergodic 
integrals of horocycle flows proved by A. Venkatesh [25] were not uniform with 
respect to the spectral gap. Recently, in work developed in parallel with this pa¬ 
per, the third author and P. Vishe have refined Venkatesh method thereby proving 
a bound independent of the spectral gap [24]. Our method is completely different 
from Venkatesh’s approach in [25] (refined by the third author and P. Vishe in [24]), 
which is based on effective equidistribution [3], [6] and estimates on decay of cor¬ 
relations (see for instance [16]) for horocycle flows, and our bounds are somewhat 
better (for instance for A small the bound of the third author and P. Vishe [24] for 
twisted integrals is of the form A^^/^T*/^). 

Recent results on the effective equidistribution of horocycle maps by Venkatesh 
[25] in the compact case and by P. Samak and A. Ubis [18] for the modular sur¬ 
face have been motivated by sparse equidistribution problems for the horocycle 
flow, that is, by the questions whether the horocycle flow still equidistributes when 
sampled along a polynomial sequence of times (of fractional degree larger than 
1) or along the prime numbers. The first question, which appears in the work of 
N. Shah [19], asks whether the horocycle flow equidistributes along polynomial 
sequences of any degree. We recall that by a general pointwise ergodic theorem 
proved by J. Bourgain [1] the answer is affirmative for almost all points, along 
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time sequences given by polynomials of any degree with integer coefficients. The 
second question comes up in the work of P. Sarnak and A. Ubis [18] on the inde¬ 
pendence of the Mobius functions with respect to all sequences generated by the 
horocycle flows on the modular surface. Both questions have also been asked by 
G. Margulis for general unipotent flows [14]. 

In Venkatesh’s work [25] the effective equidistribution of horocycle maps is de¬ 
rived from the effective equidistribution by a direct argument based on Fourier 
expansion of delta measures on the line. We retain in this paper the approach of 
the third author’s thesis [23] which consists in combining effective equidistribution 
results for the twisted cohomological equation with the complete description of in¬ 
variant distributions and the solution to the cohomological equation for horocycle 
maps. Our main result can be stated as follows. 


Theorem 1.2. For every s>\A and e > 0, and for every (A,Q) G [0,1) x there 
is a constant Cs^e^^q '= Cs^ey\.,Q{M) > 0 such that the following holds. For every 
L> 0, for every {x,N) G M x N \ {0} such that x and hi^i{x) G Ma.q and for every 
f G W^{M), we have 


( 6 ) 


N -1 I i-NL 

Y,f°^Lk{x)-j / foht{x)dt\<Cs.e,A,Q\\f\\s 

i^o ^ Jo 


By the logarithm law for geodesics, for all e >0 there exists a measurable function 
Cs,e ■ M —^ that is finite almost everywhere and satisfies 


(V) 


N-l 


Y^fohikix) 

k=0 


1 j-NL 

LJo 


foht{x)dt\ < Cs,e{x)Cs,e{hNL{x))\\f\\ 


S 


X 


^(1 -hLi/^+'')(AL)5/^log3/2+''A-h 



In addition, there exists a constant Cs,e > 0 such that for all {x,N) G M x N\ {0}, 
whenever f G W^{M) is a coboundary for the time-L horocycle map hi we have 


N-l 


( 8 ) 


Y, f°hLk{x)\ <€,£ 


1 +F 


2+e 


-(e 


dmih 


lW) 

1 






k=0 


Finally, when M is compact there exists a constant Cs^e := Cs^e{M) > 0 such that 
for every (x, A) G M x N \ {0} and for every f G W^{M) we have 


N -1 1 pNL 

I Y f°^Lkix)-j / foht{x)dt\ <G,e||/||^ 

(9) “ 

X N ^ . 


In our paper we also derive from the bounds of Theorem 1.2 on the ergodic sums 
of horocycle maps the following result on Shah’s question. 
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Theorem 1.3. Let M be compact. For all 0 < 8 < 5 q = \/ Li, for all f G C{M) and 
for all X GM, we have 



The above result improves upon the corresponding results by Venkatesh in [25] 
(who had an explicit 5o G (0,1/48) but no uniform estimate with respect to the 
“spectral gap”) and by the third author and Vishe [24] (who had 5o = 1 /26). Our 
argument essentially follows Venkatesh’s, so our improvement in the exponent de¬ 
rives from our better bounds for twisted ergodic integrals. The main idea is to 
approximate polynomial sequences with arithmetic progressions with a small error 
for sufficiently long times. By its very nature this approach cannot go beyond the 
threshold 5o = 1, so in any event a complete answer to Shah’s question is very far 
out of reach of current methods. 

The work of P. Samak and A. Ubis [ 1 8] focuses on the case of horocyle maps on 
the modular surface, for which they prove an effective version of Dani’s equidistri- 
bution theorem for unipotent maps. However, this is far from enough to control the 
distribution of the horocycle flow “at prime times”, as the equidistribution of one- 
parameter unipotents on the product space (that is, of the joinings of the horocycle 
flow) plays a crucial role. This work has provided a crucial motivation for us in 
developing our scaling approach to twisted ergodic integrals, an approach that we 
hope can be applied to more general problems of effective distributions for unipo¬ 
tent flows, including perhaps joinings of the horocycle flow. Their approach is 
based on approximation of orbits of horocycle flows by segments of orbits on cusp¬ 
idal horocycles, whose equidistribution is derived from bounds on the Fourier coef¬ 
ficients of automorphic forms. This approach is therefore limited to non-compact 
surfaces of finite area and it seems to fall rather short of the optimal exponent in 
the effective Dani’s theorem. 

In our paper the case of non-compact, finite area surfaces can be handled by 
the same method as the compact case, by taking into account the speed of escape 
of geodesic orbits into the cups. By writing Fourier coefficients of cusp forms as 
twisted ergodic integrals along cuspidal horocycles, we derive bounds which coin¬ 
cide up to a logarithmic factor with the best bounds available, due to A. Good [12], 
for general, possibly non-arithmetic, non co-compact lattices of SL(2,M). This co¬ 
incidence seems to indicate that our results are presumably rather hard to improve 
upon, at least as far as the exponent of the polynomial bound is concerned. 

Corollary 1.4. Let {«„} C C denote the sequence of the Fourier coefficients of a 
holomorphic cusp form f of even integral weight-k for any non co-compact lattice 
F C SL{2,M). There is a constant C/ > 0 such that for alln G^\ {0} we have 


an\<Cfn^^^ ^/^(l-l-logn)^/^. 


We recall that for the modular lattice, and more generally for congruence lat¬ 
tices, the Ramanujan-Petersson conjecture, proved by Deligne, states that the sharp 
bound |a„| < holds. To the authors best knowledge it is an open 
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question whether the optimal bound holds for general non co-compact lattices or 
even whether Good’s bound can be improved. 

We conclude the introduction with an outline of the methods of our paper. We 
recall that the main idea underlying all advances on the effective equidistribution of 
the horocycle flow is the fundamental fact that the orbit foliation of the horocycle 
flow is invariant under the geodesic flow, hence the horocycle flow is renormalized 
by the geodesic flow. In other terms, such results establish refined versions of the 
exponential decay of correlation for the geodesic flow. In our paper, we follow 
the approach first developed by the first two authors to prove effective ergodicity 
results for higher step nilflows [8]. We view the twisted ergodic integrals for the 
horocycle flow as special ergodic integrals for the product of the horocycle flow 
and of a linear flow on a circle. Our goal thus becomes to prove effective ergod¬ 
icity results for the above product flow. Our proof of effective equidistribution 
is based on a scaling argument which is a generalization of the renormalization 
method developed in the work of the first two authors to prove effective equidis¬ 
tribution of horocycle flows [8]. It consists in an analysis, based on the theory of 
unitary representations for the group SL(2,M) of a scaling operator on the space of 
invariant distributions for the appropriate cohoniological equation. In the present 
case the scaling is not induced by a renormalization dynamics. The exponent in 
our effective equidistribution theorem is the optimal scaling exponent of invariant 
distributions for the twisted horocycle flow. The logarithmic factor arises from the 
control of the geometry of the rescaled metric structure or, equivalently, from esti¬ 
mates related to close return times of the horocycle flow. The relevant measure of 
the degeneration of the geometry is a notion of injectivity radius, called the average 
width of a horocycle arc, already introduced in [8] for nilflows. 


2. Statement of results 


Let r < SL(2,M) be any lattice. The group SL(2,R) acts by right multiplication 
on the quotient manifold M := r\ SL(2,M). The Haar measure on SL(2,M) induces 
a right-invariant volume form vol on M which we normalize so that vol(M) = 1. 
We recall that (X,f/,T) is the basis of s[ 2 (M) given by 


X = 





These matrices satisfy the commutation relations 


[X,U]=2U, [X,T] = -21/, [U,V]=X- 


The center of the enveloping algebra of the Lie algebra s[ 2 (M) is one-dimensional 
and is generated by the Casimir operator 

(10) n = -x^-2{uv+vu). 


The Casimir operator commutes with the action of the full group SL(2,M) on the 
enveloping algebra, hence the differential operator induced by the Casimir operator 
on any unitary representation is SL(2,M)-invariant. 
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The flows on M defined, for all a E M and I E M, by the formulas 

at{x) = xe.xp{tX/I), ht{x) = xe'xp{tU), ht{x) = xexp{tV), 

are, by definition, the geodesic, stable and unstable horocycle flow, respectively. 
By “horocycle flow” we shall mean the stable horocycle flow {/i,} generated by 
the vector field U on M. Our “twisted horocycle flows” will be product flows on 
M X T of the horocycle flow on M with with a linear flow on the circle 

T := M/27rZ. 

Let L^{M X T) be the space of complex-valued, square-integrable functions on 
M X T. Let K denote the vector field on T that is given by ordinary differentiation. 
The Laplace-Beltrami operator on M x T is an elliptic second order operator. It is 
a non-negative essentially self-adjoint operator on L^(M x T) and is denoted by 

A := -K^ + V^). 

For any 5 > 0, the operator (/-|- is defined by the spectral theorem. The 
Sobolev space W\M x T) C L^(M x T) is defined to be the maximal domain of 
(/ -|- A) '/^ on M X T and is endowed with the inner product 

(F,G)iy.qMxT) := {(1 + ^yF^G)i2(^Mxi:) ■ 

We denote the corresponding norm by 

\\^\\s '■= ■ 

The distributional dual space to W^M x T) is denoted 

W^yMxT) := (W"(MxT))' 

with norm denoted || • ||_i. The space of smooth vectors in L^(M x T) and its 
distributional dual space are denoted 

W“(MxT) :=n,>oW"(MxT), and 
W-“(MxT) :=U,>oW-"(MxT), 

respectively. We remark that when M is compact, then VT“(M x T) = C“(M x T) 
and x T) = 2)'(M x T). 

Let W^{M) be the subspace of functions in W^M x T) that are constant with 
respect to the natural circle action on M x T, which is endowed with the same 
inner product Let C’^{M) and £'(M) be defined as in (11). 

Our results will often be proven using Sobolev norms involving only the K, 
X and V derivatives and the Casimir operator. Such foliated Sobolev spaces are 
defined as follows. The Casimir operator □ is an essentially self-adjoint operator 
on hence on L^(M x T). Also notice that the foliated Laplacian 

A := -K^-X^-V^ 

is a non-negative essentially self-adjoint differential operator on L^{M x T). For 
any ps >0, let W'''yM x T) be the Sobolev space that is the maximal domain of 
(/ -|- □^)'‘/^(/ -|- on L}{M X T) with inner product 
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Let US define the norm on x T) to be 

The dual space of x T) is denoted x T) with norm | • 

2.1. Twisted horocycle flows. For any A G M*, the twisted horocycle flow is the 
flow onMxT generated by the vector field {U + XK). The main theorems 

of this paper concern the quantitative equidistribution of this flow, and its applica¬ 
tions. As in [6], [7], [8] and [23], our analysis is based on invariant distributions 
and on bounds for solutions of a cohomological equation, and it is carried out in 
irreducible, unitary representation spaces. 

Because the rate equidistribution of the horocycle flow has been completely un¬ 
derstood in [6], we restrict our attention to {U -|-AA')-invariant distributions that 
are not U -invariant. We denote these spaces of infinite-order distributions by 

(F) := { 2) G 8'(M X T) : (L + XK)V = 0, and f/!D / O} . 

The space 3^ (F) is filtered by subspaces of invariant distributions of finite order. 
For all r,s > Owe denote 

J^(r) := {V £W-flM xT) : {U + XK)V = 0, and f/!D / 0} ; 

J^^(r) ■=^VeW-’''-flMxT):{U + XK)‘J) = 0, andf/2)/o} . 

If A ^ Z and D £3 x (F), then UD ^0. 

Theorem 2.1. For all A G M* the space 3x (F) of invariant distribution for the 
twisted horocycle flow which are not horocycle flow invariant is an infinite dimen¬ 
sional subspace of the foliated Sobolev space x T). 

For / G C“(M X T), invariant distributions appear in the study of solutions of 
the cohomological equation for the twisted horocycle flow: 

(12) {U + XK)g = f. 

Let 

AnnA(r) := {/ G C“(M x T) : D(/) = 0 for all D G 2^(0} . 

Theorem 2.2. For every function f G AnnxiF) C C°°{M x T), there is a solution 
g G C°°{M X T) of the twisted cohomological equation 

{U + XK)g = f, 

satisfying the following Sobolev estimates. For all r, 5 > 0, there is a constant 
Cr.s := Qi(r) > 0 such that with respect to the foliated Sobolev norms 

isi„<^(i+iAni/i,+3.,.+i. 

hence, for all s >0 there is a constant Cs := Ci(r) > 0 such that with respect to 
the full Sobolev norms 

iisiL<i%(i+iAnii/ik+i. 
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From Theorem 2.1 and Theorem 2.2 together with a trace theorem and a quanti¬ 
tative analysis of the returns of the horocycle flow we will derive effective equidis- 
tribution results for the twisted horocycle flow on M x T. 

Let A G M X T and T > 1. Let us consider the ergodic integral 

(13) 

as a distribution in (M x T), whose regularity follows from a trace theorem 

discussed in Subsection 5.2. 

On smooth functions which are constant with respect to the natural circle action 
on M X T (on the second factor), the ergodic integral of the twisted horocycle 
flow restricts to the ergodic integral for the horocycle flow on M. The rate of 
equidistribution of the horocycle flow has been completely understood in [6], so we 
consider functions such that /rjpF = 0, that is, functions which are in the orthogonal 
complement of the subspace of functions invariant under the above circle action. 

We prove an effective equidistribution theorem for the twisted horocycle flow 
on finite volume manifolds M under some Diophantine conditions. In Section 6.1 
we introduce a function Cr ■ M x M+ M+ U {+°°} whose growth reflects the 
Diophantine properties of points. In particular, for every A G [0,1) and every Q>0 
let Ma.q C M denote the set of Diophantine points introduced in formula (1). The 
function Cr will satisfy the following properties. There exists a constant Cr,A,g > 0 
such that for all x G Ma^q and all T > 1, 

Crix,T)<CrA,QT^^. 

By the logarithm law of geodesics, for almost all x£M, for all e > 0 there exists 
a constant Ce (x) > 0 such that for all T > 1, 

(14) Cr(x,r)<Ce(x)(l+logi+"r). 

In addition, if M is compact then there is a constant Cr > 1, depending only on F, 
such that then 

Cr(x,r)<Cr. 

Theorem 2.3. For every s >2 and r>5s — 3, there is a constant Cr^ '■ = Cr^ (F) > 0 
such that the following holds. For any x = {x,G) G M x T, and for any T > e, 
there are distributions j G d^^(r) and j G C W^''’“'*(M x T), 

orthogonal to 5^^(r) in such that for any F G x T) satisfying 

JjF = 0, we have 

(15) £ F o {x)dt = (F)r5/6 + (F), 

where the following bounds hold: 

IV. < [Cr (x, r) + Cr(/ir (x), r)]2; 

< ^..(1 + |Ar'^)[Cr(x,r) +Cr{hT{x),T)]hogT. 


( 16 ) 
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Remark 2.4. The above estimates are independent of the spectral gap of the 
Laplace-Beltrami operator on the underlying hyperbolic surface. 

In the regime \XT\ > e and for |A| < e the above result ean be improved by 
a sealing argument based on the aetion of the geodesie flow. In this ease, for all 
X G M let us defined the eonstant Cy,i {x,T) > 0 by the formula 

( 17 ) Cr,xix,T):=Cr{afJ^^^{x),\XT\). 

Corollary 2.5. For every s > 1, there is a constant Cs : = Q(r) > 0 such that the 
following holds. For every X G R\ {0}, the following bounds on the twisted ergodic 
integrals along the horocycle flow holds: for every {x,T) G M x R+ and for every 
zero-average function f G W^{M), we have, if\XT\ >e> \X\, 

\[ e‘^^foht{x)dt\<^\\f\l 

(18) Jo 1^1 

x[Cr,x{x,T)+Cr,x{hTix),T)]\XTf/^\og^/H\XT\). 

Proof. For every A G R*, let denote the horoeyele flow with generator 

U /\X\, whieh is a linear time-ehange of the stable horoeyele flow {ht} = {/if}- By 
the ehange of variable formula, assuming that |A| <e, 

[\‘^‘foh,{x)dt= 

JO Jo |A| 

Let aiog|A| be the geodesie map sueh that = aiog[A| It follows 

from this formula that 

d r ,i//|A| d fj 

—/o/i,'oaiog|A| = ^/oaiog|A|olif • 

Henee, we get the formula 

|A|^^f//oaiog|A[ = 17(/oaiog|A|), 

whieh implies that 

l>^|17/oaiog|At =l^(/o«iogiAi)- 

Sinee our bounds are in terms of the foliated Sobolev norms, by the above ehoiee 
of the geodesie map we have that 


(19) |/oaiog|A[|n.v <max{|A|t|0<7<4|/|r,^. 

Now, sinee |A| <e, the above theorem yields a bound 


( 20 ) 


x[CrA^,T) + CrAhT{x),T)]{XTf^Hog^/WXT\). 


The argument is therefore eomplete. 


□ 
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Proof of Theorem 1.1. Let A G [0,1) and Q > 0. By definition of M^ q, we have 
for all A G Ma,q, for all A G M* and for all t > 0, 


<A(f-log|A|) + (2. 


Then it follows from Remark 6.3 and Lemma 6.5 that there exists a constant 
Cy/l,q > 0 such that whenever x, hT{x) G Ma^q, if |A| < e we have 


2A 

Cr.A {hT{x)J)+Cr,x{xJ)< 2Cr,A,e I^ T’ I^ ; 


by the logarithmic law of geodesics, for almost all x G M and for all £ > 0, there 
exists a constant Cg (x) > 0 such that 


Cr,A(v,r)<Cg(A)[l+log'+^(|Ar|)]. 


By the above bounds on the constants Cp a T ) under the relevant Diophantine 
conditions, the statement of Theorem 1.1 is an immediate consequence of Theo¬ 
rem 2.3 for \X\'>e and of Corollary 2.5 for |A| <e. 

Now assume that x lies on the cuspidal horocycle yj of length T > 0. We remark 
that, under the assumption that AT G 27rZ, for all 5 > 0 and for all continuous 
functions / on M we have 



In other terms in this case the modulus of a twisted horocycle integral along a 
cuspidal horocycle does not depend on the initial point. 

Let A'r > 0 be a constant such that all cuspidal horocycles of unit length on M 
are contained in the compact set {x G M : dM{x) < A'p}. Let Cp > 0 denote the 
constant introduced below in Lemma 6.4. 

By hyperbolic geometry for any given cusp and for any x' G M, which does not 
belong to an unstable cuspidal horocycle for that cusp, there exists a (unique) point 
on every stable cuspidal horocycle such that the backward geodesic orbits of x and 
x' are asymptotic. Because there exists a dense set of points in M with relatively 
compact backward orbit, it follows that on every stable cuspidal horocycle there is 
a dense set of points with relatively compact backward geodesic orbit. 

Thus, there exists a positive integer up > 0 such that any stable cuspidal horocy¬ 
cle Jt of length T > 0 has a partition {xi,..., } such that for all k G {1,..., up} 

(modulo Up), there exists 



such that Xk+i = hr,, {xk) and Xk belongs to the relatively compact backward orbit of 
a point on the cuspidal horocycle of unit length. There exists therefore a constant 
> 0 such that the following bound holds: 


O^v^logT 


max dm{ciy(xk)) < A'f. 
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Since for all T > 1 the loop aiogr(77') is a cuspidal horocycle of unit length, we 
have by the definition of Kr that for all ;c E yy, 


dM{aiogT{x)) < Kr- 

hence, for each k, it follows from Lemma 6.5 and the condition that 


(21) Cr(xA:,rA;) = max cr(vjt,f) < . 

o<t<Tt V^r/ 

Then we conclude from Theorem 2.3 and Corollary 2.5 that there exists a constant 
Cs := Ci(r) > 0 such that if \XT\ > e, 

I j\'^^foh,{xk)dt\ < cj/iui + ^)r5/6iogi/2(|Ar|). 

Finally, the statement follows from finiteness of the partition. 

□ 


2.2. Fourier coefficients of cusp forms. 

Proof of Theorem 1.4. Let F C SL(2,M) be an arbitrary lattice containing the uni- 
potent element ( q }). Such lattices are not co-compact. Let ^ E N be even, let / be 
a holomorphic cusp form of weight-^ for F. Let / have the Fourier expansion 

n>Q 


so the coefficients {a„}„>o C C are given by 

an = e^^ [ f{l + -)e^^^"^'dx. 

Jr/z n 

Following Section 1.3.4 of [25], let / be the lift of / to r\ SL(2, M) given by 

Then 

(22) /EC“(r\SL(2,R)). 

Letx„ = r( ^ jy 2 jEM.Then 

foht{xn) =n^*/V( —)• 
n 

Consequently, we have as in formula (1.7) of [25] that 

an = e^^ [ f{t + -)e-^^‘"‘dt 
Jm./'L n 

= e^^n-^ [ f{l±L)e-^^‘>dt 

J'R/n'L n 

(23) =^2^/2-! rfoht{xn)e-^^'*dt. 

Jo 
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The twisted integral (23) is over a closed horocycle of length n. Because / is 
smooth, we may take any s >1, and Theorem 1.1 gives a constant Cr,^,/ > 0 such 
that 

|^2;r^V2-i r f ^ < C,,logi/2(e + n). 

JO 

Theorem 1.4 is now immediate from (23). □ 

2.3. Horocycle maps. A precise description of the space of invariant distributions 
and the statement of our effective equidistribution theorem for horocycle maps 
require that we recall of the theory of unitary representations of the group SL(2,M). 

There are four classes of irreducible, unitary representations of SL(2,M). 
They are parameterized by the Casimir operator □ and termed the principal series, 
the complementary series, the discrete series and the mock discrete series. We have 
the following cases: 

• When jj. G (0,1), then is in the complementary series. 

• When ft > 1, then is in the principal series. 

• When ft = 1, then is in the mock discrete series or the principal series. 

• When ft < 0, then is in the discrete series. 

The standard line and upper half-plane models for irreducible representations of 
SL(2,M) are discussed in Appendix A. 

The irreducible, unitary representations of SL(2,M) x T are parameterized by 
tuples (/n,ft) G Z X spec(n), and they are denoted 

Hm.jl ■— ® Sm , 

where em G L^(T) is given by 

e,n{t):=e’”r 

We will refer to a representation H^.^i as a principal series representation (resp. 
complementary series, discrete series, or mock discrete series) if is. 

The regular representation L^(M x T) of SL(2,M) x T decomposes as a direct 
sum or integral of irreducible, unitary representation spaces Hm.fi, which occur 
with at most finite multiplicity. By irreducibility, vector fields are decomposable in 
fhe sense that, for any 5 G M, VT''(M x T) decomposes as a direct sum or integral 
of irreducible, unitary, Sobolev subspaces where ^ is the restriction of 

W^{M X T) to Hm,fi and has inner product (•, •)w»(MxT) ■ 

For any irreducible component the distributional dual space to ^ is 

denoted := . The subspace of smooth vectors in H,„^^ is denoted 

11 •= r\s>o^m its distributional dual space is denoted 

s>0 

In completely analogous fashion, for any r,s > 0, the foliated Sobolev space 
W'^{M X T) decomposes into a direct sum or integral of irreducible, unitary rep¬ 
resentation spaces denoted The distributional dual space of is denoted 

zj-r-s 
^m.ll ■ 
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Note that A restricts on {M) to the essentially self-adjoint elliptic operator 

-X^-2{U^ + V^). 

For any 5 G M, W^{M) is defined to be VF''(M x T) nL^(M), and it is endowed 
with an inner product that is obtained from W^{M x T). In completely analogous 
fashion, the Sobolev space W^{M) decomposes into a direct sum or integral of 
irreducible, unitary subspaces := Hq 

The space of smooth functions on M is defined to be C°°{M) = C°°{M x T) n 
L^{M), and its distributional dual space is £'(M). We let := and := 

TJ — C<3 
^ 0 ,^ ■ 

Similarly, the foliated space decomposes into a direct sum or integral 

of irreducible, unitary subspaces := 

For any L > 0 and N G let 

■={Ve W^\M) : hiT) = T>] , 

J^(r) := {D G £'(M) : hiT) = D} 

be the space of /i^-invariant distributions of order 5 > 0 and infinity in W^^{M) and 
£'(M), respectively. Let 

a°(r) := {D G £'(M) :UV = V} 

be the space of invariant distributions for the horocycle flow in £'(M), and let 

Ann"’^(r) : = {/ G W"(M) :©(/)= 0 for all V G T’^(r)} , 

Ann^(r) := {/ G C“(M) : D(/) = 0 for all D G J^(r)} . 

We know from Theorem 1.2 of [23] that these are the spaces of coboundaries of 
Sobolev regularity 5 > 0 and 00 for the horocycle map hi. 

Let 

J°(r) := {V G £'(M) :UV = 'D} 

and, by Theorem 1.2 of [ 6 ], the space of smooth coboundaries for the horocycle 
flow is 

Ann°(r) := {/ G C“(M) : V{f) = 0 for all D G J°(r)} . 

By Theorem 1.1 of [23], Theorem 1.1 of [ 6 ] and Theorem 2.1 above, the space 
is described as follows. 

Theorem 2.6. Let Opp be the spectrum of the Laplace-Beltrami operator A on 
Lf(M). Then in any Sobolev structure for s >0, there is a splitting 

J^(r) = 

where we have C and for each irreducible, unitary space 

H, the space p|^-(i/ 2 +) infinite, countable dimension. 

The space J°(r) is described in Theorem 1.1 0 /[6] as follows: It has infinite, 
countable dimension. It is a direct sum of the trivial representation Jyoi (^nd irre¬ 
ducible, unitary representations Jp belonging to the principal series, the comple¬ 
mentary series, the discrete series and the mock discrete series. 
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Specifically, 

• The space Jyoi i^ spanned by the SL(2, 


where C W ■*(M) if 
and each subspace has dimension equal to the 


-invariant volume; 

• For 0 < p < I, there is a splitting 

and only if s > 
multiplicity of p ^ spec{\Il); 

• If P then C if and only if s > 1/2, and it has dimension 

equal to twice the multiplicity of p G spec{\I\); 

• Ifp = —n^-\-2nforn G then C W^^{M) if and only ifs > n/2 and it 
has dimension equal to twice the rank of the space of holomorphic sections 
of the nfh power of the canonical line bundle over M. 

The description of T’^(r) is given by := J^(r) n where 

T’°(r) := and twist ;= jTtwist^p) ^ 

By Theorem 1.4 of [6], the space has a basis of generalized eigendistributions 
for the geodesic flow. Consequently, the projection of the ergodic sum for hi to 
is controlled by estimating the decay of invariant distributions under the 
action of the geodesic flow, see Section 5 of [6] and Proposition 7.3 of [23]. 

In contrast, there is no subspace of twist ^p^ invariant under the geo¬ 
desic flow. The projection of the ergodic sum to J^Tlwist^’p^ controlled by 

the ergodic average of the twisted horocycle flow. 

Let := n be the space of horocycle flow-invariant distributions 

in 3^ of order s. For any p G spec(n), set 




I±Rey/r^ 


n/2 


if ft > 0; 

if p = —n^ 2n and n G . 


Theorem 2.7 on the rate of equidistribution of horocycle maps is stated in terms 
of anisotropic Sobolev norms, which we presently describe. The operator —U^ 
is non-negative and essentially self-adjoint. Then for any a >0, {I- is 

defined by the spectral theorem. Then for any a>0 and for any r,s >0, we define 
Sobolev subspace fhaf is fhe maximal domain of fhe operafor 

((/ -h □2)''/2(/ -p rf + _ u^yn 

on L^{M), which is endowed wifh fhe inner producf 

(/,g)w-AM) := {{i-u^y^^fyi-u^y/^g)r,s. 

We denote fhe corresponding norm by 

Il/Ilr,^,« := {fJ)wl,a(M) ■ 

The dual space of is denoted and has fhe corresponding 

dual norm denoted || • ■ Observe fhaf for any r,s > 0 and a > 0, we have 

fhe confinuous embeddings 
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For all {x,L,N) G M x M+ x N we define the constants 

Cy{x,L,N) := Cr{h_Li2{x),NL) + CY{hL(N-\/i){x),NL ); 
Dy{x,L,N) := -)-g^M(/jL{jv-i/2)W) ^ 


Theorem 2.7. For any s >2, a> 2 and, r > 5s — 3, and for any e > 0, there are 
constants Cr^s,a,e •= C'r,i,a,e(r) > 0 and Cr^s,e •= C'r.i.e(r) > 0 such that the following 
holds. For any {x,L,N) G M x 1R+ x Z+, there is a decomposition of the ergodic 
sum of the time-L horocycle map h^ as a distribution in as follows. 

We have 

^ {htnix))* = '^%N,L,r,s,a + ,a + '^x,N,L,r,s,a ■ 

«—0 

The distribution invariant under the horocycle flow, the distribution 

rs a invariant under the time-L horocycle map (but not under the horocyce 
flow), and the distribution 5lx^Np^r,s,a belongs to the orthogonal subspace 
of the space of invariant distributions for the time-L horocycle map. For 

all f G and for all {x,L,N) G M x x such that NL > e the 

following estimates hold: 


ID' 


1 

lN,L,r,x,aif)-lJ^ foht{x)dt\ 


I (v^twist 
\ ‘^x,N,L,r,s,a 




■x,,N,,L,r^s^a 


\ \ i 2 s-\- 2 ^£ 

< Cr,s,a,eDY{x,L,N) - - -||/||,.,.+« ; 

(/)| <C,,,e(l+L«^+^)Cr(^,L,tV)(tVL)ilog5(tVL)||/||,,,i+, 
+ Cr,s,a.EDY{x,L,N){\ + ||/||,.,.+a+l+e ; 

1 + 

(/)|<C,,,,,eDr(^,Z.,tV) \\f\\r,x,a. 


As in Corollary 2.5, the above theorem can be improved for L > 1 by a geodesic 
scaling argument. For all {x,L,N) G M x R+ x N we define the constants 


Cy{x,L,N) := Cr(aiogL(v), 1,A); 

Dy{x,L,N) := Dr(aiogL(v), 1,A^). 

Corollary 2.8. For every 5 > 14 and every £ > 0, there is a constant C^g := 
c',,(r) > 0 such that the following holds. For every L > 1, the following bounds 
on the ergodic sums for horocycle maps holds: for every {x,N) G M x N and for 
every function f G W^(M), we have. 


W-l I pNL 

I f°hin{x)-- / foht{x)dt\ <C' j 


X (^Cr(;c,L,A)Li/^+''(AL)ilog 5 A + Dr(v,L,A)(l+L^+'')) . 


( 25 ) 




18 


LIVIO FLAMINIO, GIOVANNI FORNI, AND JAMES TANIS 


Proof. For any e > 0, let s,a ^ (2,2 + e/4), and r G (7,7 + e/4). Then for all 

(26) ll/ll,, < \\f\\r,.,.+a < ll/llw+.+ l+£ < ll/ll 14+2£. 

For any t G R, we have o hi o aiogi = hu- Then 


v-i 


v-i 


£ fohinix) = £ {foa^^l^)ohniaiogL{x)); 

n—0 n—0 

I pNL pN 

LJo foafJgL°^t{aiogL{x))dt. 

Now by Theorem 2.7 in the case L = 1 we have a decomposition 


n—0 

+ ^flTogLW.A'4/Aa(-^°^loiL) +^aiogLW.A'.l,w(/°^logL) > 

such that the bounds stated in Theorem 2.7 hold: for all {x,N) G M x and for 
all / G we have 


\'DlN,l,r,s,a{f) - [ fohi{x)dt\<C,.,,,a,eDr{xAM\f\\r,s,s+a\ 

Jo 

< Cr,s,eCr{x, l,N)m log^ {e + N)\\f\\r,,,+e-, 

+ Cr,s,a,eDr{x,l,N)\\f\\ r,i,i+a+l+e; 

|3ir,V,l,r,.,a(/)| < Cr,,,a,eDr{x,l,N)\\f\\rx,a • 

By the above bounds for x = fl:iogL(v) and / = / o we derive the estimate 


N -I I nNL 

I Y^f°hin{x)-- / foht{x)dt\ 

«“o ^20 

^ 3C^,i^a,eDr(fl:iogL(v), 

+ Qi,eCr (aiogL (v), 1, N)N hog 5 (e + N) 11/ o ^ 11 i+e . 

The proof of the main estimate in Theorem 1.2 then follows from straightforward 
scaling estimates for the Sobolev norms under the action of the geodesic flow: for 
all {r,s,a), for all functions / G and for all L > 0, we have 

ll'/'^^logLllr^^a — (1 )(1 + 2 - )||/||r,i,a • 

Since we have chosen s, a G (2,2 + e/4) it follows that 

.s'-t-ri“t“l“t“£ ^5-t-£ 

so that, for all functions / G (M) and for all L > 1 we have 

11-^°'^logLllr-«.i+e — 4T and \\foaiogi\\r,s,s+a+i+e^^L^ ■ 

The argument is therefore completed. □ 
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Proof of Theorem 1.2. ForA^L < e the statement is immediate since for continuous 
functions Riemann sums approximate the integral. We can therefore assume that 
NL>e 

We first prove the bound in formula (6) when L < e. The triangle inequality 
gives 

dM{h^il 2 {x))-dM{x) <e. 

Hence, there is a constant C > 0 such that 

(27) Drix,L,N) < . 

If x,hj^L{x) G Ma,q, we immediately have that Dr{x,L,N) < 2Ce^ and, by the 
definition of Cy{x,L,N), there is a constant q ^ ^ 

Cr(x,L,iV) < g(iVL)ra . 

Then (6) for L < e follows from Theorem 2.7. 

By the logarithm law for geodesics, there is a measurable, finite almost every¬ 
where function Cg : M —M+ such that 

Cr{x,N,L) < [Cg(v) +Cg(%L(v))](l +logi+^(iVL)). 

Now for any s' > 2, a > 2, r > 5s' — 3 and e' > 0 such that r + s' + a + £' < s, there 
is a constant Q := C^(r) > 0 such that for all constants Qy Q e(r) > 0 given in 
Theorem 2.7, we have 

Cr,s',a,e (r) < C^. 

Then there is a measurable, finite almost everywhere function C'^^: M ^ M+ given 
by 

C;,g(v) >C, + Cy(v)+AW. 

The statement (7) for L < c follows from this. 

When L > e, the statements follow by similar arguments with Corollary 2.8 in 
place of Theorem 2.7. In fact we have 

Cr(v,L,iV)=Cr(aiogLW,l,fV) 

= Cr (/i-1 /2 o «iog L (.^), A^) + Cr {hj^- 1 / 2 ° aiogiix) ,N) 

Dr(v,L,N) =Dr(fl:iogLW,l,A^) 

_ grfM(/l-l/20aiogL(x)) _|_g^tM(/!jV-l/20aiogLW) ^ 

Let us assume that x and h^Lix) G Ma.q then we have 

dniat o h_if2 ° a\ogL{x)) = dM{h^e-'/2° ‘^t+iogtix)) 

< At + AlogL + 2+1/2 

dmiat o hA/_i /2 o aiogiix)) = dM {h^e-'/ 2 ° ^t+iogLi^Niix))) 

< At + A log L + 2 + 1 /2. 

It follows by Lemma 6.5 that there exist constants Cr,Q, Dq > 0 such that 

Cy{x,L,N) <Cy.q{NL)^a ■ 
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The bound in formula (6) for L > e then follows immediately from Corollary 2.8 
and from the above inequalities. 

Let us then assume that a and E Ma,q, that is, that there exist constants 

A > 1/2 and Q>0 such that dM{ay{x)), dM{ay{hNL{x))) < A logy+ 2 for ally > 1. 
For all L > e and all t > 0 we have 

dmiat o h_-i 12 o aiogtix)) = dMih^g-i‘^t+iogiix)) 

<Alog(t + logL) + 2+ 1/2 

dmiat o hyf_ii2 o a\ogL{x)) = dM {h-e-'/2 ° ‘^t+iogii^NLix))) 

<Alog(t + logL) + 2+ 1/2, 


thus by Lemma 6.5 it follows that there exists a constant Cr^ > 0 such that 

Cr{x,L,N)<CrAe^Q{\ + Q + log{NL))^ ; 

Dr{x,L,N) < 2AloglogL + 22 + 1. 

The bound in formula (7) for L > e then follows immediately from Corollary 2.8 
and from the above inequalities. 

Next, for the estimate (8), again s' >2,a> 2 and r > 5^' — 3 be such that r + s' + 
a < s. Let / E W^{M) be a coboundary for hi of zero average. Because 27° ^ ^ 

and 27/71,,, ^ are invariant under hi, we have 


27 


0 

x,N ^L,r,s' ,a 


(/) = 27 


twist 

x,N,L,r,s' ,a 


(/)=o 


Then by the decomposition in Theorem 2.7, it follows that 


v-i 


Y, f°f^Lkix)\ = \2l:c,N,L,r,s'Af)\ 


k=0 


< _|_g^M(/!L(iV-l/2)W)) 


1 +l2+® 

L 

1 +L2+® 


Finally, the statement for M compact is immediate from Theorem 2.1 . 


□ 


3. Twisted horocycle elows: cohomological equations 

In this section we prove Theorem 2.1 on invariant distributions and Theorem 2.2 
on solutions of the cohomological equation for the twisted horocycle flow. The 
argument is carried out in irreducible unitary representations of SL(2,]R) x T of 
every unitary type. Our bounds are proved with respect to rescaled foliated Sobolev 
norms introduced to prove the effective equidistribution theorem. Theorem 2.3, 
with the optimal exponent within reach of our method. 

It will often be convenient to use the representation parameter v = y/\— pL in 
place of the spectral Casimir parameter E M. 
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3.1. Rescaled Sobolev norms. For each T > 1, let and Vj be the rescaled 
vector fields, defined as follows: 

(28) = and % = 

Lef (T,M X T) be fhe Riemannian manifold M x T endowed wifh fhe mefric fhaf 
makes fhe ordered basis of vector fields {K,7{U + K),Xj,Vt:) of fhe Lie algebra 
M X s((2,M) orfhonormal. Lef on M x T be fhe flow fhaf is generated 

by 7{U + XK). The rescaled foliated Laplacian is fhe essenfially self-adjoinl non- 
negafive operafor 

Ao-:= -K^-X^-V^. 

The rescaled foliated Sobolev spaces Wj\M x T) are defined as follows. Lef 
denofe fhe rescaled Casimir operator 

For r > 0, 5 > 0, lef WjfM x T) be fhe fhe maximal domain of fhe operafor (7 + 
□2)''/2 (^_I_ ^2 _|_ a2).s/2 if(^M X T) wifh inner producf 

The norm on fhe space WjfM x T) is defined as 

l-f’lr,.?;'! := {^’^)wf{MxT:) 

Lef X T) = {Wj\M X T)^ be ifs disfribufional dual. Notice fhaf by 

definifion, for any r,s>0, fhe Sobolev space we have fhe confinuous embeddings 

X T) C W!^\M X T), 

X T) C X T). 

In completely analogous fashion to fhe decomposifion of W^{M x T), we have 
fhaf fhe space Wj\M x T) decomposes info a direcf sum or a direcf infegral of 
irreducible, unifary, Sobolev subspaces .j-, where j is fhe infersecfion of 

Wj\M X T) to and is endowed wifh fhe inner producf {■,-)r,s-, 7 - By defini¬ 
fion, since fhe Casimir operafor acfs as a consfanf mulfiple of fhe idenfify on each 
irreducible subspace 77^,^, if follows fhaf for all r, r', s>0, fhe spaces j and 

T coincide as vector spaces, buf are endowed wifh differenl inner producfs 
and norms. 

We simplify our nofafion. For 77 := 77^.^ and for r, s >0, fhe disfribufional dual 
space fo Tf'"’"' := j is denofed 77^'"’^'* := ^77'"“^^ . The space of smoofh vecfors 
in 77 in fhis foliated sense is denoted 77“ := ifs disfribufional dual 

space is denotes 77^“ := = Ui>o^T Our convention is justified since 

all fhe above spaces do nol depend, as topological vector spaces, on fhe scaling 
paramefer T > 0 (buf of course fhe rescaled folialed Sobolev norms do depend on 
fhe scaling paramefer). 
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3.2. Principal and complementary series. Let be the line model of an irre¬ 
ducible unitary representation of the principal or complementary series (see Ap¬ 
pendix A). By Plancherel’s theorem, a computation left for Appendix B shows 


Lemma 3.1. Then there is a constant C > 0 such that, for all f G 

Notice that the Fourier transform of the X and V operators are 

(29) X:=(l-v)+2§^, F:=-/(^(l-v)_ + ^_j . 

In fact, the above formulas hold by the standard property of the Fourier transform 
on the Schwartz space ,5^(R) of rapidly decaying smooth functions, hence they 
hold by duality on the space ,5^'(R) of tempered distributions. 

By Lemma 3.1, it follows that there is also a formula for the rescaled foliated 
Sobolev norms of functions in Fourier transform. 

Let us adopt the following notation. For jx G spec(n), define jx-j := so 

that 

spec(na-) = {n-j\n G spec(n)}. 


Lemma 3.2. Let H := and let r,s >0. For all 7 > 1 and for all f G H°°, we 
have 

\f'w,s-,7 = + + + |^|Rev • 

3.2.1. Invariant distributions. Let m G Z and jJ. > 0. Let be the line model of 
an irreducible, unitary representation in the principal or complementary series of 
SL(2,R), and let the corresponding model for an irreducible unitary repre¬ 
sentation of SL(2,R) X T of parameters (/n,/r). For any function /,„ G there 
exists a function f £ such that 


fm — y ® ■ 

We formally define fhe functional ^ on Hm,ii by fhe formula 

(30) <^(/m):= / me-‘^^'”dt. 

^ Jr 

Nofe fhaf fhe funcfional ^ on induces a functional ^ on so fhaf by 
definition we formally have thaf 

_ p.Xm 

By fhe above identify we can reduce all sfafemenfs abouf functionals ^ on 
fo sfafemenfs abouf functionals D^'” on H^. 

We now show fhaf ^ is densely defined on ■ We will use fhe horocycle 
flow invarianf disfribufion D+ thaf is is (sharply) defined on // 0 +Rev)/ 2 + 


D+(/) := lim 

^ A —>00 


fix) 

(l+x2)(l+v)/2 
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(see Section 3.2 of [6]). It is immediate that any / G Ann(D+) is also in 
and hence, ^{f ® e,n) is defined by the above formula. 

By a standard construction of an orthogonal basis in the element uq G 
Ann (17 — V) given by 

uq { x ) :=( 1 + x 2)-('+'')/2 

is in //“. Integration by parts shows that ^{uQ®em) G C. Then for any = 
f ® Cm ^ the distribution ^ is defined by 

{fm)-= Dx{f,n - D+ (/) (mo (8) Cm) ) + D+ (mo (8) e™ ) . 

It follows from Lemma 3.2 of [23] that ^ G 
In fact, we have the following stronger result. 

Lemma 3.3. Let H := where /i > 0 and Xm ^ 0. Then 

(z //C).^(L2+) 

Proof. The Fourier transform of the distribution on LT^^ is the Dirac 
mass at —Xm, that is, 

X>lr.rL if ® ^m) = fi-Xm) , for all / G .^'(7?). 

The general case can be reduced to the case when m = 1, therefore we prove the 
result in that case. For simplicity of notation, let ■.= D \Let Ix be any open 
interval such that —X G Ix and 0 ^ lx- By the Sobolev embedding theorem, it 

follows that the distribution t)^ G W^\Ix) for all 5 > 1/2. In fact, the distribution 
f)X 

is a probability measure at —X and by Sobolev embedding theorem W^fx) C 
C^fx) for all 5 > 1/2. By a direct calculation we can prove that for every G N, 
there exist constants Ck,v.x^C[ y ;i, > 0 such that, for any function f ^ C°°{Ix), we 
have 

||^||l2(4) <Ck,v,xJ^J\^‘f\\LfI^)<Cly^x\f\o,k- 

By interpolation it follows that for every 5 > 0, there exists a constant Q > 0 such 
that for all / G we have 

||/||w"(4) < Cil/lo.i, 

hence / G W^fx) whenever f ^ for any 5 > 1/2. The statement then follows 
from the Sobolev embedding theorem, as explained above. □ 

3.2.2. Twisted cohomological equations. Let T > 1 and X G M*. For 5 > 0, we 
study the twisted cohomological equation 

(31) T{fJpXK)g = f 

in every irreducible subspace of the Sobolev space Wj{M x T) of the principal and 
complementary series. 

The following a priori bounds for solutions of the cohomological equation hold. 
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Theorem 3.4. Let r, s>0. There is a constant Cr^s > 0 such that for any H = H,„^^ 
with jj. > 0 and m G Z/{0}, and for any function fm G H°° (^Ann{D^j^ ^), there is a 
unique solution g,„ G H satisfying (31), and moreover, for all T > 1, 




Cr^s 1 + \^m\ 
\Xm\ 


■\fr 


fM|r+s,s+l;Cr • 


By proceeding formally, we note that fm and gm are simple tensors, so we write 
fm = f 'Stem and we consider a solution g^em& of the cohomological equation 


(32) 


7{U + XK)giS)em =f<S)em- 


In a line model of an irreducible unitary representation of the principal or 
complementary series, the cohomological equation (32) takes the form 

7{-^+i{Xm))g{x) (g) Cm (0 = /(•^) ® (t) ■ 

Then it is enough to prove Sobolev a priori estimates for the solution to the equation 


(33) 7{-^ + i{fm))g = f. 

dx 

By taking the Fourier transform of both sides of (33), we get that for all G M, 


(34) 


l(^) 




7{^+Xmy 


We observe that ^{em® f) = 0 if and only if f{—Xm) = 0. In what follows, we 

will simplify notation, and let 

m:= 


The estimate for m 7 ^ 1 will be derived from this case for the parameter equal to Xm. 
In addition, the general estimate for rescaled equation with respect to the rescaled 
Sobolev norms will be derived from the non-rescaled case. We will therefore let 


T:=l, 

and we are left to consider the formula for the solution: 

(35) = 

Now, for any f and any ^ G M, let /^ ((§) = /(Ai^). Sobolev estimates for 
the solution to (35) will be obtained in Lemma 3.11 from such estimates for the 
function g^ given by the equivalent equation 

(36) ^^^^^^"'a(V+1) ■ 

We will now prove estimates for the above equation, and to simplify notation, 
we drop the subscript X from fx and gx ■ 

To further simplify notation, set D := D} As a first step, we have the following 
identity 
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Lemma 3.5. Under the condition that D{f) = 0, that is, /(—I) = 0, we have 

Proof. For I E R, let F{t) = /(—I + 1{^ + 1)). By the fundamental theorem of 
calculus 

rl aj7 ri 

f{^)=F{l)=F{0) + —{t)dt = {^ + \) f{-l+t{^ + l))dt. 

The formula for the solution then follows immediately. □ 


We will split our estimates into different regions. Let 

( 37 ) ' = 

For every v € (0,1) U /R and for every subinterval 7 C R we will adopt the follow¬ 
ing notation 

( 38 ) Ll{J)=L\j,j^). 

Then the following holds. 

Lemma 3.6. For every o; E N, there exists a constant > 0 such that 

ii^“iiU(R\/)<c;iArif iixvilo. 

k=0 


Proof. It is clear that !/((§ + 1) E L"(R\/) and there exists a constant Ci > 0 such 
that ^ 

|||-:pyllL-(R\/) <Ci. 

It follows immediately from the formula for the solution (36) that 

II^IIl2(r\/) <ell'll ^II/IIl2(r\/)• 

Let us now consider derivatives. We have 






• + I 


A(^ + l) A(^ + l)2- 


Since the function ^+ 1)^ E L°°(R\/), there exists a constant C 2 > 0 such that 


(^ + 1)" 


L“(R\/) < C 2 . 


It follows that 


\\Xg\\LliM\l) < {Cr+2C2)\l\-\\\Xf\\o + ll/llo) . 

For higher order derivatives, by induction we prove the a Leibniz-type formula. 
There exists universal constants (a) ) such that for all functions /i, /i E C“(R), 
the following identity holds on R: 

“(/l/2)(« ) = f {«)()? - (1 - V))‘-'/2{«) . 


(39) 
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In particular, for /i (i§) = /(i^) and /2 (i§) = 1 /(i§ + 1) on 7, we have 

Another induction argument leads to bounds of the following form. There exists a 
constant Ca / > 0 such that 

The stated bound therefore follows. □ 


For higher order derivatives of the form or equivalently V^X^, on the set 

M \ 7 we begin by computing the following Leibniz-type formula. 


Lemma 3.7. For any j8 G N there exist universal coefficients such that for 

any pair of functions fi, f 2 we have the formula 

(40) vHfif2)= I bf.l[{-^rrmx-{l-v)fvif2]. 

i+j+m<p ^ 

k<m 

Proof The proof is by induction. For j8 = 1 we have by a direct computation 

V{fih) = V{h)f2+flV{f2) - - (1 - v))/2] . 

The statement is therefore verified in this case. The proof on the induction step is 
based on the above formula and on the following formulas for commutators: 

= i-^2 and [V, (1 - (1 - V))] = [t/,1] = 21/. 

By the induction hypothesis and by formula (40), it follows that in the formula for 
y/t+i we have terms of the following three types 

[^(^)'”v'/i][(x-(i-v))'yV 2 ], 

(41) - (1 - v))'F'/2] , 

In fact, by the first of the above commutation relation, by an induction argument 
for every k £N\ {0}we have 


(42) 




hence the first term in the above formula (41) is of the required form. 
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By the second of the above commutation relation, we derive by induction that 
for every k £N\ {0} and every / E {0,... — 1} there exists universal constants 

Ckj > 0 such that 

(43) - (1 - V))'] = £ CkjiX - (1 - v))'t/, 

i=0 

hence the second term in formula (41) is of the required form. 

Finally the third term in formula (41) is already in the required form. Thus the 
induction step is proved and the argument is complete. □ 

Lemma 3.8. For every a, j8 E N, there exists a constant C'^ p > 0 such that 

^ ^ T ii-vnis’vviio. 

I I i+j+k<a+p 

Proof. For 0 < £ < a, let 

By Lemma 3.7 and by formulas (36) and (39), we derive the following 

('44') i+j+m<p 

k<m 

By an induction argument we can prove that for all a, j3 E N there exists a constant 
Ka.p > 0 such that, for all 0 < £ < a, all / + m < (8, we have 

ll‘/’i>llL”(K\/) ^ + |1 “ • 

By taking into account the commutation relation [X,l/] = —IV, it follows that for 
all a, (8 E N there exists a constant such that 

ll^^^“lll4(M\/) < ^ I |l-v|'||je^F7l|o. 

1^1 i+j+k<a+p 

The statement then follows, again by the above commutation relation. □ 

We then prove bounds on the interval 1. The estimates will be based on the 
integral formula for the solution. 

Lemma 3.9. For every o; E N, there exists a constant > 0 such that 
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Proof. By Lemma 3.5 and the Minkowski integral inequality 

ll^llivW - IXj/ ■ 

For all t e [0,1], let 4 C M denote the interval 

4 = [-l-f/ 2 ,-l+i/ 2 ]. 

Since for all t G [0,1] and all G 4 we have 

(45) 1/2 <1^1 <2, 
by change of variable we have 

(46) ||/{-i +({■ + 1))IL.„) < , 

We recall that for the principal series v G /M, and for the complementary series 
V G (0,1). It follows that there exists a constant C 3 > 0 such that 

+^(' + 1))IIl2(/) < ^3? 

<c3t-i/2(||je/-(i-v)/iio. 

Hence, we get by integration over t G [0,1] that 


iisibos^i^r'ii^z-ii-o/iio. 


For higher order derivatives we compute as follows: 




(47) 


A 


( 2 (§^ + (1 - v))“[/'(-l +t{^ + l))]dt 


— [(^ + 2(1 +^('5 + ^))]dt 


By applying as above the Minkowski integral inequality followed by a change of 
coordinates and (46), we get 


(48) 


I [(^ + 2(1 — 

^ ll[(^ + 2(l 4" 

<2'''=''^'r'/'||(X + 2(l-0^)“/|l4(4)*. 


We then observe that for all a G N and for / 0 the following identity holds: 


(49) (l + 2(l-<)^)“L = (l + (i_,)i(l_(i_v))]»L(l-(l-v)), 

By induction for all 4 G N and j G Z+, we have 

(50) = (l- 27 -v)^(^) and [X - {I - v)]\j) = 2\^), 
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hence by the upper bound in formula (45) it follows immediately that 
||(X - (1 - v))‘(l/5)||i.(,,| = 2*||1/| L-,,., < 2‘+>, 

Thus by the identity in formula (49) and by the Leibniz-type formula (39) it follows 
that there exists a constant C 4 (a) >0 such that 

Ii(x+2(i-0;jr/']ii4(4)<c4(a) £ ii(je-(i-v))'+'je^7iio. 

“9 i+j<a 

The statement then follows from the integral bound in formula (48). □ 

For higher order derivatives of the form or equivalently V^X^, on the 

interval I we proceed as above. 

Lemma 3.10. For every a, j3 G N, there exists a constant C" ^ > 0 such that 
||F^X«g||^2(;) < ^(l + |v|)^ £ \\v'P{X-{l-v))’^f\\o. 

i+j+k<a+l5+l 

•<P 


Proof. By formula (47) we have 

^“s(5) = -jji‘[(l+2(i-()^)“/l{-i+>(5 + i))l*. 


It follows by a short calculation that, for all a, j3 G N, the derivatives V^X “I of 
the solution g of the twisted cohomological equation are given by the formula 

(51) + + + 

By the above formula, by Minkowski integral inequality and by change of variables, 
the norm ||F^X“g |72 is bounded by the expression 


(52) 


2Rev 




4(4) 


dt 


We observe that for all a G N and for / 0 the following identity holds: 

[V + (l-o|yn^ + 2(l-0^r^ 

= {V + 

X {X + {\-t)^[X - (1 - v)]r^[X - (1 - V)] 

= {l7 + (l_f)I.[/(7_il^(X-(l-v)]}^ 

X {X + {\-t)^{X - (1 - v))r^[X - (1 - V)] 


( 53 ) 
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By induction the following identity holds for all ^ G N : 

(54) y\^) = {-ifk\(^{j + v) 

By the Leibniz-type formula (39) and by that of Lemma 3.7, from the identity (53), 
from formulas (50), (54), by the upper bound in formula (45), it follows that there 
exists a constant K^i p >0 such that for all t G [0,1] we have 

(55) <K„,p{\ + M/ £ lir'l'(l-(l-v))‘/llu(;) 

< + |v|)^ £ \\V‘xJ{X - (1 - v))'/||o. 

/+y+/:<0(+/3 + l 



The statement follows from the bound given in formula (52). □ 

From the above lemmas we derive the following result. 

Lemma 3.11. For every ot, j8 > 0 there exists a constant C^q, ^ > 0 such that for 

all A 7 ^ 0, the unique solution g G Ly(M) of the equation (U + /A)g = / G Ly(M) 
satisfies the estimate 

^(3) 

l|Vl’x“s||„<^(l + |Arl’)(l + |v|)'' 

X E ii-vniv"V/ii„. 

j<^ 


Proof For any / G Ly(M), define fx{^) '■= /(A(§). Notice that for any a,j3 G N 
and for any A G M*, we have the following identity 

(56) 0'‘x“A = AO(V'1>X“/)i, 


whenever V^X^f is defined. 

By formula (36) fhe solution to the cohomological equation {U + iX)g = / can 
be rewritten as 




. A(§) 
'a(^ + i)- 


Since by definition for any f £ Ly (M) we have / = (A) i/A > froni (56) and from 
Lemmas 3.8 and 3.10 it follows that 
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( 57 ) 


WvPx^gWo = \\vPx^{gx)i/do < \M-^\\{V^X^g^)i/do 


<^|A|-^l + |v|)^ £ |l-vr'||(t>^xVA)i/Al|o 

I I i+j+k<a+P+l 

j<p 


<^iAr''(i+|v|)'> x; iAKii-vriii>JV/ii„. 

1^1 i+j+k<a+p+\ 

j<p 


□ 


For rescaled Sobolev norms we have a similar statement which can be immedi¬ 
ately derived from Lemma 3.11. 

Lemma 3.12. For every ot, jS > 0 there exists a constant > 0 such that 

for all X 0 and for all T > 1, the solution g G Ly(M) of the rescaled equa¬ 
tion 7{U -l-/A)g = / G Ly(]R) satisfies the following estimate with respect to the 
rescaled Sobolev norms: 

ci^) 

wvJ^xfgWo < +ivi/(i+iAr^) 

X £ [ 7 -^/^\l-v\nvlx^f\\o. 

i+j+k<a+p+l 


Proof of Theorem 3.4. For r, 5 G N even integers, since the Casimir operator □ 
takes the value /i = 1 — on any irreducible, unitary representation by ex¬ 
panding the operator (/ -|- □^)'‘/^(/ -|- into a polynomial expression in 

Xj and Vj, and by the commutation relations we derive that there exists a constant 
> 0 such that 

(58) |g|,,;T<d?(l+At")''/" £ p-^/^f-vW^WK’^V^XfgW^. 

We conclude from Lemma 3.12 that there exist constants > 0 and C^} > 0 
such that, if the functions / and g belong to a single irreducible component, then 


( 1 ) 1 + I'^l 

|A|Ti/ 

( 2 ) 1 + |A|-- 


s+l 


|S|,,,;T + |V|)'+'£ [T-'/ 3|1 _ v||‘|/|„,.+ ,_i;T 


SO., 


lylr+iji+LT ■ 


From the above estimate, the conclusion for r, s even integers and m = 1 follows. 

The statement for r, s >0 follows by interpolation. The estimate for m / 1 
follows by setting A = Xm. 
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The uniqueness of the solution holds, because if g, /i G // are solutions of the 
equation (33), then in Fourier transform the following identity holds in L^(M), 
hence almost everywhere. 

Since + A / 0 almost everywhere, it follows that g{^) = h{^) almost everywhere, 
hence g = h £ H. □ 

3.3. Discrete series. 


3.3.1. Invariant distributions. Let be an irreducible unitary representation of 
the discrete series with = 1 — for v G N. Let H be the upper half-plane. 

From Appendix A, 


f /o“/“o=l/(jc + /y)|V ^dxdy, V>1 
1 ^^Py>o Is.\f{x + iy)\'^dx, v = 0. 


For = Cm® f £ Hm,n, define 

[ f{t + i)e-'‘^’”dt, 

m 

and observe that D,^ ^ induces a functional ^ on satisfying 


When V = 0, the lowest weight vector for the is u\{z) ■= (z + /)^', and 
integration by parts shows D^^{uq) £ C. Consider the horocycle flow invariant 
functional D+ defined by 


D+(/) := lim/(z)(z + /). 

^ 7—^■oo 


The formulas from Section 2.4 of [6] show the basis obtained from ui by repeatedly 
applying the operator \/2[X — i{U + F)] is orthonormal. Then formula (43) of [6] 
shows D+ is (sharply) in . So for = f®e,„, 

(59) Di^^{f^)=Di^^{f-D;{f)u,)+D+{f)Di^^{u,) 

is defined via the above formula. Moreover, it follows as in the third case of 
Lemma A.3 of [23] that ^ G 

For V > 1, an elementary computation from Lemma A.3 of [23] gives 


Lemma 3.13. Let v > 1, and f £ H’^. Then there is a constant C > 0 such that for 
all z £ 

|/(z)| < C(1 +Im(z)-"{2-(v+l)/2.-I/2})||^||^(i ^ |^|)-2 ^ 

Hence, for all /r such that V > 0, . The following stronger result 

holds. 
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Lemma 3.14. Let m^'L and V € N. If Xm / 0, then 


m.ii 


t0-{1/2+) 

^m,ii 


Moreover, ifXm < 0, then ^ = 0. For Xm = 0, we have two cases: 

^ is undefined, ifv = 0 
Dia=0, ifv>0. 


The proof will be as in Lemma 3.3, once we have a description in Fourier trans¬ 
form of the upper half-plane model. For each x + iy.= z&'R, define 

P\^) ■= [ fiz)e-‘^Mx. 

Jr 

Notice that = /' (mA). By Lemma 3.13 and a computation as in (59), the 

function P{^) is defined for ^ G R*. By Cauchy’s theorem, we get 

Lemma 3.15. Let G R and yi,y 2 > 0. Let f G Then p' {^) = . If 

^ <0, then it,) =0, and i/V > 1, then p^ (0) = 0. 


With this in mind, we define the Fourier transform of / to be 

f-=P- 

Lemma 3.16. Let v G and f G H'f. Then for all z G HI, 

271 Jr+ 

Setting (—1)! := 1, we get for any v G N, 

We leave the proof of Lemma 3.16 to Appendix B. There is also a formula for 
Sobolev norms of functions in Fourier transform. 


Lemma 3.17. Let s >0. Setting (—1) ! := 1, we have for any v G N, 

Proof The usual formulas 

(60) 1 :=( 1 -v)+ 2 §A, t/:=_/(^(i_v)A + ^^^ . 

are verified on test functions g G //“ that satisfy g G C^(R+). This set is dense in 
H by Lemma 3.16. Thus, the identity holds. □ 

Proof of Lemma 3.14. If Am < 0, then ^ = 0 by Lemma 3.15, which implies 
^ = 0. Similarly, fi =0 when Xm = 0 and v > 1. If Xm = 0 and v = 0, then 
is not defined on the vector ui{z) = (z-|-/)^\ so is not defined. The 
regularity statement follows as in Lemma 3.3. □ 
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3.3.2. Twisted cohomological equations. For every A G M* we study the solution 
g to the twisted cohomological equation 

(61) 7{U + XK)g = f 

in every irreducible, unitary representation subspace of the foliated Sobolev space 
Wj{M X T) of the discrete series or mock discrete series. 

Theorem 3.18. For every r, 5 > 0, there is a constant Cr^s > 0 such that for any 
irreducible unitary representation H := in the discrete series with m 0 
and for any function f^ G Fl°° nAnn{D^ ^), there is a unique solution g,„ G FI 
satisfying (31), and moreover, for all T > 1, 

TvJ \Am\ 

As in the proof of Theorem 3.4, we proceed formally and note that /,„ = Z® 
em and g^ = g^em simple tensors. By Lemma 3.15, / and g are functions 
supported on 1R+. As in the derivation of the formulas X and V in (60), we use 
Lemma 3.16 again to see that U is multiplication by i^. 

Then we may restrict our considerations of the cohomological equation (61) to 

( 62 ) 

by the same argument used in the proof of Theorem 3.4 . 

Lemma 3.19. Theorem 3.18 is true when the representation Flm^^i is a mock dis¬ 
crete representation. 

Proof. By Lemma 3.16, Hm.^ consists of square integrable functions supported on 
M+, and the measure is Lebesgue. Because the formulas for X and V are the same, 
the lemma follows identically as in the proof of Theorem 3.4. □ 


In what follows, we only consider discrete series representations where V > 1. 
As above, we separately estimate g near —1 and away from —1. 

Notice that the formulas for the vector fields X and V given in (60) are identical 
to those given for the principal and complementary series. As in Lemma 3.5, 

~ ~A Jq +^('5 + 1))^^• 

Let I = — 5 ] and Ly{I) be defined as in formulas (37) and (38). 


Lemma 3.20. Let ft < 0. For every a, j3 G N, there exists a constant p > 0 
such that 


Wx^v^l 


C' 


l2(r\/) ^ 


a,j3 


I 

i+j+k<a+P 

j<P 


i-iviriiAWiio. 


Proof. The proof is identical to that of Lemma 3.8 . 


□ 


Then it remains to prove 





EFFECTIVE EQUIDISTRIBUTION OF TWISTED HOROCYCLE FLOWS 


35 


Lemma 3.21. Let /l < 0. Then for any a, (5 >0, there is a constant > 0 such 
that for all f,g^ satisfying (62), 

^(4) 

WV^X^^ihuD < ^(l + |v|)'^ I |l-vr'||WxV||o. 

' ' i+j+k<a+p+l 

j<P 

This is not immediate from the proof of Lemma 3.10, because the factor 2^®'' in 
formula (46) can be arbitrarily large. For v < l+2p,2^^^ is bounded by a constant 
depending on j3, and the proof of Lemma 3.10 holds, so Lemma 3.21 follows for 
this case. For v > 1 + 2j8, we will move the problem to the setting of the principal 
series where Re v = 0. Define 

(63) A:H;^L\R-^):f^^. 

Notice also that A is invertible, where A^ ^ . 

As a first step, we have 

Lemma 3.22. Let ft < 0. Then for any a, [5 G N, there is a constant > 0 such 
that for all f,g£ satisfying (62), 

\\VPX«Ag\f2^l) <^(1 + \V\)P £ (1 + |v|)'||t/^lWllL2(/) . 

1^1 !+;+t:<a+j3+l 

J<P 


Proof Formula (55) in the case Re v = 0 gives a constant K„ p > 0 such that 


||F^A«Ag|b(,)<^(l + |v|)/' 


X £ ||y'x^'(x-(l-v)) Willed) 

- ^ + |v|)'||F^lWl|y(/) • 

I I i+j+k<a+P+l 

j<p 


□ 


Lemma 3.21 will then be obtained by estimating the norm of the linear opera¬ 
tors A and on foliated Sobolev spaces. For any a G Z+, formula (39) gives 
universal coefficients such that 

(64) X“(A/) = £ a[^\l-2vy{X - (1 - v))"^"”/. 

vv—0 

A«(A-7) = 

^=0 


(65) 
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As in formula (54), for any integer 0 < k < v/2 v/e have 

= (-0‘n(v/2+;)(3v/2+y)5-''''“> 

j=0 

With this and Lemma 3.7, we get, for any integer 0 < j8 < v/2, universal coeffi- 
cients {blj ^^) such that 

^ /— 1 m— 1 

= I (iij;;,n(^/2+o(3v/2+z) n(^/2+'^) 

1^0 

k<m 

j<p 

( 66 ) X(^^(''/ 2 +'+'”)(A-(l-v))^t>^ 7 ; 


/—I m —1 

f>p(yi-'/)= E C(-i)'ni(''/2f-'’-in(‘'/2+-s) 

/+7+m</3 /'^O 

k<m 

j<P 

(67) x,§''/2-'-'”(X-(l-v))^i/^7. 


Lemma 3.23. Let f E //“. Then for any a E N and integer 0 < j3 < -j, t/iere a 
constant > 0 such that 

\\v<^x«{Af)\f2^j) < £ (1 + |v|)'||y^l'=/||^ 2 (;). 

(“t- j-\-k'^Ci-\-'2,^ 
y+^<(Z+j3 

j<P 


Proof. By (64) and (66), we get universal coefficients such that 


i/^l“(A/) = y^ ( £ ai^\l-2v)^^-''^^-{X-{\ + v))^-'^{f) 




—vy 


= £a7V-2v)"’-y^ U-''^^-{x-{\ + v))^ 

w -0 ^ 

a / o\ m—\ 

= £ I ^/;yL(l-2vrn(W2 + 0(3v/2 + 0nW2 + '^) 

vy^O/+ 7 +m<j 8 /'^O ^^0 

k<m 


x( 


1 


|S/+m+v/2 


)(X-(l-v))'=i/7A-(l-v))«-^(/) 
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By the commutation relation [X,V] = —2V, it follows that there are constants 
Ca.fi >0 such that 


II W“(yi/)||^.(,) < Ca.fi 11(1 + |v|)-+2+- 

w —0 /+ 7 +m<jS 
k<m 

X - <* - - (■ - ‘'))“+llt=(n 

£ (i+|vir«'+” 

w— 0 /+y+/n<jS 
k<m 


xXl|i>^'(i^-(i-v))“+'-"/lL 2 (,) 

k<k 


< Ca.fi £ (1 + |v|)'||y^'(x - (1 - v))'/||^2(;) 

/“t- j-\~k^(X-\-^li 
y+/:<0(+j3 
,/<jS 

< Ca.fi I (l + |v|)i|V^l'/|L2(;). 

j^k<a+p 

j<p 


□ 


Similarly, we have 

Lemma 3.24. Let G //“. Then for any a G N and integer 0 < j3 < ^, there 

n\ 

is a constant C^ ^ >0 such that 


\\VPX^{A-^h)\f2^j^)<d^';p £ (l + |v|)'||y^l'/l||^2(;^). 

i-\- j-\-k'^ct-\-^fi 
j-\-k<a-\-p 

j<p 


Proof. By formulas (65) and (67) in place of (64) and (66), we get 


V^X^(A-^h) 


t L i'Sf’(-i)'n[(v/2)^ 

w—0y+m<jS 0 

k<m 


m— 1 

^]tl{v/2 + m) 

m—0 


X _ y-^fyiix - (1 - v))^-'^{h) . 
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Then as in the proof of Lemma 3.23, there are constants Cg, p > 0 such that 


\\VPx^iA-^h)\\^2^,^)<Ca,p £ £ (l + |v|)-+2/+. 

w—0/+ 

k<m 

<c„,p Y. (i+i‘'i)ii<^'(^-(i-v))‘/ibft). 

j+k<a+^ 

j<p 

□ 


Proof of Lemma 3.21. Let h := Ag, and observe from (62) that 

Then by Lemma 3.24, Lemma 3.22 and Lemma 3.23, we get 

i-|- j-\-k'^CL-\-' 2 .^ 
j+k<a+^ 

j<p 


-^r“ 


E (i + |v|)' 

i+7+12^01+2/3 

/+I:<a+/3 

j<P 


X £ (i + |v|)''||L^x''yi/||^2 

r'+/+I:'<7+t:+l 

j'<j 




(4) 


(7) (5) (6) 

- W 


(i+iv|)'> Y (>+i''i)' 

i-\- J-l-k^(X-\-2,f3 
J+k<a+p 

j<p 


X £ (i+ivi)'-' £ (i+ivi)nit>^'"^"7ii+.(4). 

i'+f+k'<j+k +1 (•"+ j"+k"<k'+2 f 

j'<j 


j”+k"<f+k' 
j"<f 


In the last summation of the above formula we have 

/ + /+ / Ty Ak AiAi Ak A'2.j ^/TyT^ + j8Tl^otT3j8 + l, 
j'' A k'' A j' A k' A j A k A i < Ot + j8 + 1. 

This concludes the proof of Lemma 3.21. □ 
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For a general A G M* and for rescaled Sobolev norms we have a similar statement 
which can be immediately derived from Lemma 3.20, Lemma 3.21 and from a 
calculation similar to the one in formula (57) in the proof of Lemma 3.11. 

Lemma 3.25. Let jJ. <0. For every Of, j3 > 0 there exists a constant > 0 
such that for all X and for all T > 1, the solution g G Ly(M) of the rescaled 
equation 7{U + /A)g = / G Ly(]R) satisfies the following estimate with respect to 
the rescaled Sobolev norms: 

^(4) 

\\V^Xfg\\o<j0j^{l + \v\fl^{l + \X\-P) 

X ^ [7-^/^\l-v\]'\\vlx^f\\o. 

Now we may prove Theorem 3.18. 


Proof of Theorem 3.18. We proceed as in the proof of Theorem 3.4. We claim that, 
for r, 5 G N even integers, there exist constants > 0 and > 0 such that, if 
the functions / and g belong to a single irreducible component, then 


( 68 ) 


lsl«T < + |v|)"’‘i;'[T->/ 5 |l - V|] Vlo..+ 1-fcT 


Ti/3 |A| 

^ eg 1 + |A|-- ,^, 

“ TV3 |A| l/l'•+3.s,.s+l;T■ 




Since the Casimir operator □ takes the value p = I — on any irreducible, 
unitary representation 7/^,^, by expanding the operator (/+n^)''/^(/ + n^ + 

into polynomial expression in Xj and V-j, and by the commutation relations, we 

(3) 

derive that there exists a constant Crf > 0 such that 


( 69 ) \gf,,j<C^Jil+p^Y/^ £ [7-^^^\l-v\]'‘\\K'^y^Xfg\\o. 

k-Ym-\-(X-\-p<s 


By the above bound on the norms the estimate in formula (68) follows directly 
from Lemma 3.25. From the estimate (68) , the conclusion for r, s even integers 
and m = 1 follows. The statement for r, s >0 follows by interpolation. As in the 
proof of Theorem 3.4, the estimate for m / 1 follows by setting X =Xm. 

The uniqueness of the solution holds as in the proof of Theorem 3.4. □ 


We can now prove Theorem 2.1 on the classification of invariant distributions 
and Theorem 2.2 on Sobolev bounds for solutions of the cohomological equation 
for the twisted horocycle flow. 


Proof of Theorem l.\. It follows from Theorem 3.4 and Theorem 3.18 that the 
space of invariant distributions is one dimensional. The regularity part of the state¬ 
ment follows from Lemma 3.3 and Lemma 3.14. □ 
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Proof of Theorem 2.2. The bounds with respect to the foliated Sobolev norms fol¬ 
lows from Theorems 3.4 and 3.18 by orthogonality since the above estimates are 
uniform with respect to the Casimir parameter. 

The bounds with respect to the Sobolev norms can be proved as follows. First 
let 5 G N be even. Since the vector fields U and K commute, for all y € N we have 

{U + XK)Uig = Uif, 

hence the bound with respect to foliated Sobolev norms holds for the functions U-^g 
in terms of the function U^f, for all j G N. Then 


llsll. < E 

1^1 j =0 

<^(i+iAnii/ik+i. 


The estimates for general Sobolev norms follows by interpolation. 

Finally, the solution is unique in L^(M x T) by Theorem 3.4 and Theorem 3.18 

□ 


4. Scaling of invariant distributions 


In this section we prove estimates on the scaled foliated Sobolev norms of in¬ 
variant distributions for the twisted cohomological equation. 

Let us consider an irreducible, unitary representation H := Hm.^ of the group 
SL(2,M) X T and let Am / 0. For T > 7', we want to estimate 

■= sup l| 

in terms of |D,^ •= sup^ {^(F)| : |F|r,i;T' = l} . We introduce the fol¬ 

lowing foliated Sobolev Lyapunov norms on HT For all T > 1, 

t>T •> 


From definitions, the following holds. 


Lemma 4.1, Let r, s>0. For all7 >7' >1 and for all F G H^, 




£ 


Lemma 4.1 immediately gives 
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Corollary 4.2. Let r, s> \/2 and T > T' > 1. Then 


I I <r’ I I 


\D 


m,fj. \ 


-s:7' 




m,^i I 


£ 

-r,s-7 ■ 


Our strategy is to prove comparison bounds between the foliated Sobolev dual 
norms and the foliated Sobolev Lyapunov dual norms of the invariant distribution 
in every irreducible, unitary representation. 

Hence, it remains to prove a bound from above for the foliated Sobolev norm 
\^m ^i\-r-s ;7 in terms of the foliated Sobolev Lyapunov norm \D^„ ^\^r-s- 7 - 
consider the principal and complementary series together, while the discrete series 
is handled separately. 


4.1. Principal and complementary series. Throughout this subsection, given an 
integer nr G Z and a Casimir parameter /r > 0, we let H := be an irreducible, 
unitary representation of the principal or complementary series for the group SL(2, M) 
T. We prove the following theorem. 

Theorem 4.3. For every r > 0 and s > \/2 there is a constant C,. s > 0 such that 
for all 7 >7' > 1 and A G M such that the distribution G H ^ 

satisfies the scaling estimates 

By Corollary 4.2, it is enough to prove the following proposition. 

Proposition 4.4. For every r > 0 and s> \/2 there is a constant Cr^s > 0 such that 
for all “T > 1 and A G M such that Am 0, the distribution ^ ^ H ^ satisfies 

\^m,u\-{r+s)-s-7 < Cr,i(l + |Am| ^^)\F>^^f^\^r-s-,7- 

Once more the general case can be derived from the case m = 1. We will there¬ 
fore restrict our argument to that case and prove the statement for the distributions 
^ whenever A / 0. We again let 

4:=[A-|A|/2,A + |A|/2]. 

Now let us consider, for all T > 1, the operator formally defined on H in 
Fourier transform as follows: 

(70) C,(/)(§) = t'/V(A + t'/ 3(§-A)), forall/G//. 

In fact, it can be proved that the following bounds hold: 

Lemma 4.5. For all ^>1 and f GCq (4). 


1 


||/||o<||f/r/||o<A/3||/||o. 
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Lemma 4.5 is proved in Appendix B. 

We recall from (29) that the Fourier transforms of the X and V operators are 

Lemma 4.6. The following formulas hold for all T > !.• 

Uf^XU^ =X- 2At'/3(1 - ; 

Of^VU^ = + aT2/3(l - t-1/3)^ . 

We have the following scaling estimate. 


Lemma 4.7. For every r,s > 0, there exists a constant C'y^ > 0 such that for all 
A 7 ^ 0, for all T >7> 1 and for all f G ) the following bound holds: 

|f/r/T/lr.;r<C'.(l + |Ar^)|/|,+,,,;T. 

Proof By Lemma 4.6, we have 


UflX,U,p = {h-^I^Xj-2[l - (l)-i/3]j-i/3^ 


(71) 


r/O —j -L- \cj 

We then observe that 


5^2 


(72) 




7-^/^X 


^2 X 


5^2 ^ 


_ T-V3(1 _ v))^ 


We the recall the identities (50) and (54). For all integers 5 G N (by induction), we 
have 


1 


1 


1 


1 


V(j) = (-l-vr(y) and (>*(y) = (-;)'*! + O I (|^)- 

It follows that for all 5 G N there exists a constant C' > 0 such that for all / G Cq{Ix ) 
we have 

\U,/jf\r,s-s < c:(l + |v|)^(l + |A|-)|/|,,;t < c;(l + |A|-)|/|,+,,,;t. 

The statement then follows by interpolation. □ 

Lemma 4.8. For every r, s >0 there exists a constant C"^ > 0 such that the fol¬ 
lowing holds. For any function f G //“ and for any A 7 ^ 0, there exists a function 
fx G fx ) with fx (— A) = /(— A) such that for any r, s>0 and 7 > I we have 

\f?L\r,s-7 < C'"^(l + |A|^^)|/|r,s;T- 
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Proof. Let ^ G C^(—1/2,1/2) be any function such that (^(0) = 1. We let 

:=^ , foralli^GR. 

By construction we have that the function € C^fx). By an induction argument 
based on the formulas (29) for the Fourier transforms X, V of the operators X, 
V, we derive the following bounds. For every a, j3 G N there exists a constant 
C" ^ > 0 such that 

WV^Xf^x llo < Clpil + |Ar^)(l + T-i/ 3|1 - v|)“+^ . 

Let then fx '■= ^xf- By construction we immediately have that fx G C^fx) and 
fx{—^) = Finally from the Leibniz-type formula (39) and from that of 

Lemma 3.7 we derive that for all r > 0 and all integer 5 G N there exists a constant 
C'f > 0 such that 

|A|..;T<C",(1 + |A|-)|/|,,;T. 

The estimate in the statement is thus proved for integer exponents and follows by 
interpolation in the general case. □ 

Proof of Proposition 4.4. For simplicity of notation, we again let D := Dj Let 
fx G CqIJx) be the function constructed in Lemma 4.8. By definition we have 

D^{f)=D^{fx) = {^)-'^^D^{U,/jfx). 

By Lemma 4.7 and Lemma 4.8, it follows that, for all T > T > 1, we have 

|£>A/)| < {^y'^^\D^\-r,-r,r\U,/7fx\r,.,r 

Hence, by definition 

< c;x.(l + inf 

(74) t>t T 

□ 

As remarked above. Theorem 4.3 immediately follows from Corollary 4.2 and 
Proposition 4.4, hence its proof is complete. 
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4.2. Discrete series. Let H be the upper half-plane model for a holomorphic dis¬ 
crete series or mock discrete series irreducible, unitary representation of SL(2,R) 
with Casimir parameter /4 := 1 — v^, where V > 0 is an integer, and let m G Z\ {0}. 
We prove the following theorem. 

Theorem 4.9. Let r>0, s > 1/2 and X G M*. Then there is a constant Cy^s > 0 
such that for all T > T' > 1, ^ G satisfies 

Proof. Notice that by Lemma 3.15, ^ = 0 when Xm < 0. Hence, we may as¬ 

sume Xm > 0. By Corollary 4.2 again, it is enough to prove the following proposi¬ 
tion. 

Proposition 4.10. Let r > 0, 5 > 1/2, and A G M* with Xm > 0. There is a constant 
Cys > 0 such that for all T > 1, ^ G satisfies 

\Dm.tl\-(r+ls)-s-,7 <C'r,i(l + |Am| ■ 

The general case can again be derived from the case A G M* and m = 1. De¬ 
fine the dilation operator as in (70). We cannot immediately conclude Proposi¬ 
tion 4.10 from the proof of Proposition 4.4, because Lemma 4.5 does not hold for 
all A and v. Instead, we have 

Lemma 4.11. Assume A > V, then there is a constant C > 1 such that for all T>1 
and f £Cq{Ix), 

^||/||o<||f/r/||o<C||/||o. 

The proof is left for Appendix B. 

Proof of Proposition 4.10. If A > V -|- 1, then by Lemma 4.11, Proposition 4.10 
follows as in Proposition 4.4. 

Now assume A < V -|- 1. To simplify notation, for any a G M*, set D® := 
Because A > 0, let fc G satisfy Xe^ = V -|- 1. Observe that for any / G 

Moreover, 

(f/ + /(v + l))(a_^D^) = 0. 

Because the space of invariant distributions in £'(//) is one-dimensional, we have 
a^^D^ G where for any h G H°°, and D''+^ is defined as usual by 

D^+\h)=e^+^ [ h{t)e-‘^''+^'^‘dt. 

■Jr 

Observe that Lemma 4.7 and Lemma 4.8 also holds for the discrete series. Let 
/v+i G 7/°° correspond to f oa^^ as in Lemma 4.8. Then 

|D"(/)| = |(n_,D")(/v+i)| 

(75) ={^y'^'\{a-KD^){U,/j{f,+i))\. 
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By Lemma 4.7 and Lemma 4.8, there exists a constant := > 0 such 

that 

/ T \ —1/6 . 

< C'. (1 + l^r)lci-,cD^I-r,-.r,rlfv+llr+s,s;T 

^ {l + \>^t'^')\a-KD^\-r-s-Afoa^K\r+s,r,7 

where the last inequality holds because 

(77) |t/(/oa_^)|=e-'^|(L/)oa_^| <^|(L/)oa_^|. 

We then estimate the norm \a-KD^\-r-s\T: of the invariant distribution after geo¬ 
desic scaling. 


Lemma 4.12. We have 


\a D^l < ( ^ ^ ] \D^\ 


Proof. Notice that 

\a-KD^\-r.-r,'c = sup [\a^KD^{f)\ : = l| 

feH- 

= sup ||D^(/oaK-)| : \f\r,s-z = l} 


feH- 

= sup {|D^(/)|:|/ 


o 6!—K:|r,i;T — 1 


< 


feH' 

V + 1 


} 


sup {|D^(/)| : = 1} 


/€//■ 


where the last inequality holds since 


v + 1, 


Wf\ = |l^(/o6i_K-oaK-)| =c'"|L(/oa_K-)| < —^\V{f oa^K)\. 


□ 


Therefore, 


(76) < CF^ 


1/6 V + 1 

T~ 


i\ + \X\-^^)\D^U,\fU,-.7. 


Proposition 4.10 now follows as in (74). 


□ 


This completes the proof of Theorem 4.9. 


□ 
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5. Sobolev trace theorem 

In this section we prove a Sobolev trace theorem for horocycle orbits. The main 
point of the result is that the constant in the estimate is in terms of an “average 
injectivity radius” along the orbit, with respect to rescaled Riemannian metrics. 


5.1. A priori bounds on ergodic integrals. Let A E M* and let T > 1. Let 

A 0” 

(^f ’ )/eK denote the rescaled twisted horocycle flow on M x T, that is, the flow 
generated by the rescaled vector field ‘J(f/ + XK). 

Let A E M X T, let / C K be an interval, and let / E C^{M x T). For 5 > 1, we 
will estimate in terms of the Sobolev norm |/|o,.s; 0 ' the ergodic integral 

\ J^f ° {x)dt\. 


We will follow the discussion of a Sobolev trace theorem in Section 3 of [8] that 
concerns nilmanifolds in particular. We will see that the method introduced there 
also gives the corresponding trace theorem in the SL(2,]R) x T setting. 

Let Ar3 be the Euclidean Laplacian operator on given by 


V dy'^ dz^ 



Given an open set O C containing the origin, we consider the family OIq of 
all 3-dimensional hyperrectangles R C [—^,^]^riO that are centered at the origin. 
The inner width of the open set O C is the positive number 


w{0) := sup{Leb(R) : R E OIq} , 

where Leb(R) is the Lebesgue measure of R. The width function of an open set 
C M X containing R x {0} is the function defined for all t E R by 

wci{t) := w{{y E R^ : (t,y) E fl}). 

We will now define average width, as in [7]. Let A > 0 and T > 1. Let .r E M x T 
and r > 0. Consider the family Of a.t.t of open sets C R x R^ satisfying the 
following two conditions: 

[0,r]x{0}cacRx[-i 1]A 

and the map x j : R^ —)• M x T defined as 

(78) =vexp(tT(f/+Ai«:)exp(y‘J^^/^X) 

xexp(z‘J^2/3y)^g^p(0^) 


is injective on the open set C R^. 

The average width of the orbit segment of the twisted horocycle flow 

0)0)0) : 0 < f < r} 
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is the positive number 



We will estimate from below the average with w<j{x,X,T) of orbit segments of 
the twisted horocycle flow in the Section 6.1. In this section we derive a Sobolev 
trace theorem for orbit segments and a Sobolev embedding-type theorem with con¬ 
stants explicitly expressed in terms of the average width. 

The following lemma is a special case of formula (32) of [8]. We prove it here 
for the convenience of the reader. 

Lemma 5.1, Let I <zM.be an interval, and let LlzMxM? be a Borel set containing 
the segment I x {0} C M x M^. For every 5 > 1, there is a constant Q > 0 such that 
for all functions F G C“(fl) and all t ^ I, we have 



Proof Define Lit '.= {y Z : {t,y) Z By rescaling, Sobolev embedding gives 


1/2 



Now we integrate over the interval /, and Holder’s inequality gives the result. □ 

For the remainder of this section, we follow Lemma 3.7 and Theorem 3.9 of [8]. 
Contrary to [8], the vector fields X-j, Vj and K that are transverse to the direction 
of integration do not all commute, but they still form an integrable distribution. 

Theorem 5.2. For all 5 > 1, there is a constant > 0 such that the following holds. 
For X Z M*,for all T > I, for all x Z M xT, all T > 0 and for all f Z C^fM x T), 


we have 



Proof Let Q. Z We have 


dlfoa^^xziLy.z, 0) = K^fo a^^x,7{t,y,z, 0), 

d2f°otx,x,7{t,y,z, e) = fI/o g.(f,y,z, e), 


and 


dyfoa^^x,7{t,y,z,B) = (Xt-zT 

= [X^ + z2T-2/3y2 _ ^J-1/3 j 1,6). 


Because X and V are essentially skew-adjoint. 


0<-{Xj + V7)^ = -iX^ + V^)- {X7V7 + VjXj) . 
Recall that |z| < 1/2, so 

(XT-zT-'/VT)2<3(-x2-y2), 
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Because the operators on the left and right are essentially self-adjoint, the spectral 
theorem gives 

[1-K^-V^- (Xo- - , 

for any 5 > 0. Next observe that 

det(Da,-;t^a-(f,y,z,e)) 

Then there is a constant Q > 0 such that 

(79) II (/ - Ak3)^/Vo «a,Tlli2(^) < C.ll (7 -K^-X^- t2)VV||^2(m) ■ 

By Lemma 5.1 and formula (79), we see that for any 5 > 1, 

l^i) l/o«r,A.T(^0>0>0)l‘5?l^ 

<cj-^wj{xxj)-^\\{i-K^-x^-v^yi^f\\l,^^y 

Because this holds for any set Q. G Ox^x, 7 ,t^ we may take the infimum over all sets 
Q. G Ox,X. 7 .T conclude the proof of Theorem 5.2. □ 

5.2. Pointwise bounds for transfer functions. Following Lemma 3.7 and Theo¬ 
rem 3.9 of [8], we derive the following bound on transfer functions of the twisted 
horocycle flow. 

Theorem 5.3. Let 5 > 1. Then there is a constant Q > 0 such that for all A G M* 
and T > 1, for all f G C°°{M x T), if 

7{U + XK)g = f. 

then for all x ^ M xT, T > 0 and for all t G [0, T], 

|go,j)^'^(L)|<c,r-i/V(^,A,r)-i/2 (r|/|o,.;T + klo,.;T). 

Proof Since / G 77“, Theorems 3.4 and 3.18 imply that g G 77°°. Let t G [0, T]. By 
the mean value theorem and by the fundamental theorem of calculus there exists 
to := to{x,g) G (0,r) such that 

|go0^^’^(x)| = I /" ^go^^’‘^{x)dT + ^ f go0^’^(x)(7T| 

JtQ uT I Jo 

< 1 / + ^K)go(l)^'‘^{x)dr\ + \^ [ go^^'‘^{x)dT\ 

JtQ 1 Jo 

= 1 [ f°(l>r'‘^ix)dT\ + \^ [ go0^’^(x)r/T|. 

JtQ 1 Jo 

Now for 5 > 1, Theorem 5.2 implies Theorem 5.3. □ 
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6. Twisted horocycle flows:effective equidistribution 

6.1. Average width function. In this section we estimate the average width for 
horocycle segments, which we define below. Let y € M, T > 1 and T > 0. Consider 
the family Ox,7,t of open sets C M x satisfying the following two conditions: 

[0 ,r]x{ 0 }cacMx[-i ip, 

and the map ^ ^ M xT defined as 

(80) ax^‘j{t,y,z) =xexp(t‘J[/)exp(yT^'/^A)exp(zT^^/^y)) 

is injective on the open set Q. C 

The average width of the orbit segment of the horocycle flow 

{«r,T,r(L0,0) :0 <t <T} 

is the positive number 

wj{x,T):= sup (^ [ —^dt] . 

ci€0,.^r.T\T Jo wn{t) J 

We remark that by our definitions, since the twisted horocycle flow projects onto 
the horocycle flow under the projection of M x T onto M and the vector field K 
tangent to the circle factor is not scaled, the average width for an orbit segment of 
the twisted horocycle flow is bounded below by the average for the projected orbit 
segment of the horocycle flow. In fact, the following holds: 

Lemma 6.1. For all x = {x, G), for all A G M, for all7>\ and all T >0, we have 
the inequality 

(81) W‘j{x,X,T)>W‘j{x,T). 

Proof For any open set D. C M, let Cl := D. x [—1/2,1 /2]. Since the vector field 
K commutes with the vector fields X, U,V and is tangent to the circle factor of 
the product M x T, it follows that for any x = (x, 6) G M x T, for all T > 1 and 
r > 0, the function a;f A,T,r> defined in (78), is injective on Cl if and only if the 
function defined in (80), is injective on fl. The sfatement then follows from 

the definitions. □ 

It is therefore enough to estimate the average width wj{x,T) of the orbits seg¬ 
ments of the horocycle flow on M. 

For any x G M, we consider the map ax defined on by 

0(xit,y,z) =xexp(t[/)exp(yX)exp(zy). 

Definition 6.2. For any (x, T) G M x 1R+, let cr(x, T) denote the smallest positive 
number c > 1 such that the map ax is injective on the interval 

[-10 r,io r]x[-i/ 2 ,i/ 2 ]x^[-i,i]. 
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Remark 6.3. By the action of the geodesic flow, it follows from the definition that 
for all {x,T) EM X and for all y &M. we have 

cr{x,T) =cr{ay{x),e^-T). 

The statement of the equidistribution theorems, Theorem 2.3 and Theorem 2.7, in¬ 
volve the function Cr{x,T) defined for all {x,T) E M x M+ by 

(82) Cy{x,T) ■= sup cr(x,l) = sup CY{ay{x),T). 

\<t<T -logr^yxo 

We begin by proving upper bounds on the function cy{x,T) under Diophantine 
conditions. For A E [0,1) and 2 > 0, recall that we consider subsets of “Diophan¬ 
tine points” given by 

Mt.e := {v E M : dM{ay{x)) <Ay-\-Q for all y > 0} . 

In addition, by the logarithmic law of geodesics for almost all a E M and for all 
e > 0 there exists a constant Qe{x) > 0 such that, for all t > 1, 

dM{ay{x)) < (i-he)logy-hee(A). 

For all A >1/2 and Q, yo > 0, we will therefore introduce the sets 

^A,G,yo ■={xeM\ dmiayix)) < Alog(y + yo) + Q for all y > 1 -yo} . 

The proof of the following basic lemma is left for Appendix C. 

Lemma 6.4. For all x E M, let dM{x) := dist(x,r). There exists a constant Cr E 
(0,1) such that for all x E M, the map otj^: —>• M defined by the formula 

0Cx(t,y,z) =xexp(t[/)exp(yX)exp(zF), 

is injective on the interval 

x [-1/2,1/2] x . 

For all X E M and all t > 0, let 

duixA) '■= max r/wfavix)). 

0<v<f 

Lemma 6.5. For all x E M,for all t > 0 and T E [1, we have 

cr{x,T)<l^£j 

in particular for all x £ M with bounded forward geodesic orbit, which is always 
the case whenever M is compact, and for allT > 0 we have 

cr(v,r)<r^^ maxe^^'^W. 

yCr / x€M 

For all X E Ma^q and for allT > I we have the estimate 

crixj) < (lOCr'e^^T^jT^, 
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For every A> Ijl there exists a constant Cr^ > 0 such that ifx € yo then for 
allT > I we have 

crix,T)< Cr,Ae^Q{\ + Q + yo + logT)^. 

Proof. Let Cp > 0 be as in Lemma 6.4. Let x, t and T as in the statement of the 
Lemma and set 

= min{3; > 0 | c~>'10r < , 

We remark that, since 

we have < f, as the set in the definition of contains t > 0. In fact have 

lor' 


(83) 


< log 


Cr 


+ dM{x,t). 


By definition of the positive real number y* we have 

lor = 

By Lemma 6.4 the map cCa^^(x) is injective on 

[-e^^*10r,e~^*10r] X [-1/2,1/2] x [-e~^*ior,e~^*ior]. 

Recall that for any f G M, we have the commutation relations, 

a^y^ o hf o Oy^ — hf(?y* , 
a — y^ o hf o Oy^ — h^^—y* . 

Then by right multiplication of on the image of restricted to the above 

set, we get that the map ax is injective on the interval 

[-lor,lor] X [-1/2,1/2] X ^[-^,^]. 

By the estimate in formula (83) it then follows that 


e'^y* 

crix,T) < yt - 


2dM{x,t) 

Ct 


If X has bounded forward geodesic orbit we have in particular that, for all T > 1, 

, M, 

cr{x,T) < 


—^ maxe^'^"^^^ < +oo. 

Cr / xt^M 

A straightforward estimate then shows that if x G Ma.q then by the definitions we 
have 

cr{x,T) <yF- (10Cr^c^T)T^/r^ = (lOCr'e^jT^ri^. 

Similarly ifxGMA.Q,ro> that is, if dM{ay{x)) < Alog(y+yo) + 2for ally > 1 — yo, it 
follows by the definition that y* is bounded above either by A > 0 or by the unique 
solution F > A of the identity 

lor 

Y =Alog(F +yo) + 2 + log(-—). 

Cr 
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By change of variable F + yo is equal to the unique solution Z > A + yo of the 
equation 


Z =AlogZ + 2 + yo + log( 


lor. 


By a straightforward calculation there exists a constant Ca > 0 such that 


lor / 

Z <CA + 2 + yo + log(-^)+Alog ( 2 + yo + log( 
We conclude that there exists a constant Cy,a > 0 such that 



J-y* 

cr(v,r) < ^ < + 2 + + . 

The argument is concluded. □ 

For any x G M and T > 1, we consider the scaled map ax^ defined on by 
axyj{t^y^7) =xexp(tTf7)exp(y‘J^^/^X)exp(z‘T^^/^F). 

By the above definition and by change of variable we have the following statement. 


Lemma 6.6. For all 7 > 1 and all {x,T) G M x M+, the map Uxj is injective on 
the interval 

[-10 T,10 r] X [-^■/V2A>/V2l X , 

Theorem 6.7. There exists a constant A'r > 0 such that the following holds. For any 
X G M, for any T >\ and “T G [1, T], there is an open tubular neighborhood D.jj (x) 
of [0, r] X {(0,0)} in [0,r] X [—such that the map axyj : —)• M is 

injective and the following estimate holds 

i r - ^-—dt < Kr • (x,Tr)r(l+log(T'/3r)). 

T .Jo WQ,.j^{t) 


From the above theorem and from Lemma 6.1 , we derive our main result on the 
average width of orbits segments of the twisted horocycle flow. 

Corollary 6.8. For any X G M*, for any x = (x, 0) G M x T, for any T >\ and for 
any T G [1, T], wc have the estimate 

W 7 {x,X,T)-^ <W 7 {xJ)-^ <Kr-cl{x,7T)T{\+\og{7^I^T)). 

We prove below Theorem 6.7. A simple calculation shows 

Lemma 6.9. Let to,s,z GM.be such that 2|z5'|‘J^/3 < p Then 

exp{to7U)exp{y7-^/^X) e.xp{z7-^l'^V) exp(5Tf/) 

= exp(to(5)Tf7)exp(y(5)T^'/^X)exp(z(5)T^^/3y) ^ 

where 

to{s) = se'^y^^''\l +z5T1/3)-i +to 
y(5) = y — 7^!^ log(l + T^/32^) 
z(5') =z(l -pT1/325)-i . 


( 85 ) 
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We now introduce certain closest returns of horocycle orbits. 

Definition 6.10. Let 7, T > \. A pair (to,li) G [—10?’) lOr]^ is called a (j3,T, T)- 
return for x ^ M if fi is an integer in [0,log(T^/^r)] such that for some |z| G 
(g-(/5+i)^g-/3] we have 

xexp{ti7U) = xoxp{tQ7U)oxp{z7^^/^'V). 

The {p ,7,T)-retum is called non-degenerate if to / ti and degenerate if to = ti. 

We denote by n!^j,{x) the number of non-degenerate {p,7,T)-returns and by 
nj'‘^^{x) the number of degenerate {p ,7, T)-returns for x ^M. 

Let El := {w G C|Im(>v) > 0} denote the upper half-plane. Let {C,} be the col¬ 
lection of disjoint cusps of the surface S := r\BI bounded by a cuspidal horocycles 
of length Iy < f. By a cusp of M we mean the tangent unit bundle Q C M of a 
cusp Ci, that is, the pull-back to M of the cusp C, C S. The manifold M can be 
decomposed as a disjoint union of a thin part, defined as the union of the finite 
collection of the disjoint cusps Ci, and of a compact thick part. 

The following Lemma is proven in Appendix C. 

Lemma 6.11. For any non-degenerate {p , T, T)-retumfor x CM the return points 
xoxp{t\7U) and xexp(t2‘Tf7) belong to the thick part of M. For any degenerate 
{P,7,T)-retumfor X CM the point xoxp{t\7U) = xe.xp{to7U) belongs to the cus¬ 
pidal horocycle for the unstable horocycle {^f} generated by the vector field V on 
M. 


Next lemma shows that non-degenerate (j3,T,r)-returns cannot be too close. 


Lemma 6.12. There exists a constant Cr > 1 (depending only on the thick part of 
M) such that the following holds. Let (foTi) C [—10 T, 10 T]^ be a non-degenerate 
{P,7,T)-retum for X G M. If {tQ,t[) G [—10 7,10 T]'^ is another non-degenerate 
(P,7,T)-retum for X and 

then Cq = to and t[ =0. 

Proof. If (toTi) (fo,f[) are (jSjTjT)-return pairs in [—10 T, 10 T]^ 

tion there exist z andz' with |z[, |z'| G 7 Z 7 ;rwT(^ such that 


by defini- 


( 86 ) 


cr(x,aT) ' 

xexp(tiTf7) =xexp(to‘Tf7)exp(zT^^(^L) , 
xexp{t[7U) =xexp(toTf7)exp(z'T^^(^L). 


By geodesic scaling for geodesic time a : = P + ^ logT of the identities in formula 
(86) we derive 

a(j(.x)exp(e^^ti7Lf) = aa(x)exp{e^^to7U)exp{e^z7^^^^V), 
aa{x)exp{e^^t[7U) = a(y{x)exp{e^^tQ7U)exp(e^z'7^^^^V). 
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The pairs (e and (e °t[7) are non-degenerate (0, IjCTT)- 

returns for the point Ua (x) with 


(87) 




2Cr 


2Cr 


By Lemma 6.11 the points 


a(j{x)exp{e ^to7U), aa{x)exp{e ^1^711) 
a(y{x)exp{e^^ti7U), aa{x)exp{e^^t[7U) 


all belong to the thick part of M. Let s = t[—ti. Since l^l < ^7 we have 


( 88 ) 




-P 


< 


2Crcrix,7T) 2Cr 


Hence, by Lemma 6.9 we obtain 

afj(x)exp(e^^tjTf/) = a(j(A)exp(e^^ti‘Jf/)exp(e^^5'T[/) 

= a(y(x) exp{e^'^to7U)exp(e^z7^^^^V ) exp(e^'^s7U) 

= a(j(x)exp(e^^to(‘5)‘2'f/)exp(y(5)T^^/^X)exp(e^z(5)T^^(^L) , 
where to{s), y{s) and z{s) are given by formulas (85) with y = 0, that is, 


to(5) = 5 ( 1 +T^/^Z5) '+to 
(89) y(5) = log(l + 

^( 5 ) =z(l + . 


It follows that 

(x) exp(e^^tQ7U ) exp ) 

(90) 

=a(y{x) exp(e^^to(‘y)‘2'f/)exp(y(5)‘J^'(^X)exp(e^z(5)T^^(^y). 

By the estimate ( 88 ) the above expression for to{s), 3 ^( 5 ) and ^( 5 ), 

tois) E [to-25, to+ 25 ], 

(91) y(5)E[-T'/V2,Ti/V2], 

|z(5)| E [z/2,2z]. 

Let now E M denote the intermediate point 

X(j := a(j(x)exp(e^^^ 2 Jli 2 i^l‘jf/), 

By the above bounds, since the points 

fl;(j(x)exp(e^^toT(7) and a(j(x)exp(e^^toT(7) 

belong to the thick part of M, it follows that x^ belongs to the compact set of points 
at distance at most 1/Cr from the thick part. 




EFFECTIVE EQUIDISTRIBUTION OF TWISTED HOROCYCLE FLOWS 


55 


The identity in formula (90) can be rewritten as 
jcg exp(g~^ ~ Tf/) exp(g^z 

(92) 2 

=Xfy exp(e^^-^^-^ — -7U ) exp(y(5)‘J^^/^X) exp(e^z(5)T^^/^l/). 

Since is at distance at most 1 /Cr from the thick part and by the bounds in 
formulas (87) and (91), it follows that there exists a constant Cr > 1 for which the 
identity (92) implies that 

fo(s) - to = 3'('^) = -z' = 0. 

Formula (89) shows that the y(s) = 0 implies that = 0 and consequently s = 
?i — = 0 since z 7 ^ 0 and lo(s) = to and z(s) = z- In turn this implies (q = to and 

z = z! . The argument is now concluded. □ 

As a consequence, we derive the following bound for the number njj{x) of 
non-degenerate (j 8 ,T,r)-returns. 


Proposition 6.13. We have 

n^j{x) < 4 • . 


Proof. By Lemma 6.12, the maximum number of disjoint squares of side length 
that fit inside the square [—lOT, lOT]^ is bounded by 


(ior)2 

(g/l7-i/3/2Cr)2 


<4 - 


□ 


The number nj^j^{x) of degenerate (j8,T,r)-returns is estimated as follows. 
Proposition 6.14. There exists a constant Cp > 0 such that 

n^f^ix) < Cf(l 

Proof. There exists a constant cp > 0 such that the following holds. By definition 
and by Lemma 6.11, for any degenerate (j8, T, r)-return to = t\ for x E M, the point 
xexp(to‘TC) must be a point of the unstable cuspidal horocycle at distance from the 
thick part of M larger than 

crljS + ^logT). 

It is therefore enough to bound the number of points of intersections of a stable 
horocycle arc of length T > 0 with the unstable cuspidal horocycles at a distance 
larger then d > 0 from the thick part. We claim is that there there are at most 
\+eT/e‘^. The statement will then follow immediately from the claim since we 
are counting the degenerate close returns of a horocycle arc of rescaled length 
r > 0, hence of hyperbolic length TT > 0. 

By applying the geodesic flow for a lime t = J — 1 we gef a horocycle arc of 
hyperbolic lengfh eT The poinls of inferseclion of fhe sfable horocycle of 
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hyperbolic length T > 0 with the unstable cuspidal horocycle which are at distance 
larger than d from the thick part are sent by the geodesic time map to points of 
intersection of the shortened stable horocycle of length eTle‘^ with the unstable 
cuspidal horocycle which are at distance larger than 1 from the thick part. Since 
between any two such intersections the stable horocycle has to enter the thick part, 
their total number is at most \+eT /6“^. The argument is therefore completed. □ 

We now construct tubular neighborhoods of [0,r] x {(0,0)} in [0, T] x 

[—1/2,1/2]^ with the properties claimed in Theorem 6.7. 

Suppose that to £ [—lOT, lOT] belongs to a (j3,T,r)-return pair. Let 

c ([-ior,ior]n[to-e^T-2/3,?o+/T-2/3]) x [-W? 

be a partial tubular neighborhood of [—lOT, lOT] x {(0,0)} defined locally about 
to whose cross-section at a point t G [—lOT, lOT] n [to — 
a square centered at (0,0) contained in [— 2 , 2 ]^ with side-length equal to 

Extend then the tube to a full tubular neighborhood of [—lOT, lOT] x 

{(0,0)} whose cross-sections are squares centered at (0,0) with side-length equal 
to 100 crV 7T) ’ ^ ^ [—lOr, 10r]\[to — e^T^^/^,toLet then 

Ajj{x) := {(j3,to) G N X [—lOT, lOT] : to belongs to a (j8,‘T,r)-return pair} , 
and define Q.‘jj{x) C [0,7] x [—1/2, l/2]3 by 

^j.t{x)-= n n [o,r]x[-i/ 2 ,i/ 2 ] 2 . 

Lemma 6.15. The map ttxp : Q.‘yj{x) —)• M is injective. 

Proof. Suppose thaf {to,yo,zo),{h,yi,zi) £ ^T,r(v) are such fhaf 

ctx.7{to,yo,zo) = Otxj{ti,yi,Zl). 

From fhis condifion we will derive fhaf (to,yO)Zo) = {h,y\Ai)- 
Lely2 :=Jo—andz2 := {zQ — Z\)e^^‘^ A calculafion shows 

(94) Aexp(tiTf7) = Aexp(to‘Tf7)exp(y2‘T“^/^A)exp(z2‘T^^'^^V). 

From fhe definifion of fhe lube ^^^(x), we have, for t = 0,1, 

I,. I i„i/ 1 1 

|j/|, Fd - i00cr(x,Tr) ■ 
which by fhe above formulas for y 2 and Z 2 implies fhaf 

- ^cr(x,Tr) ’ - 25 ct{x,7T) ' 

We Iherefore assume fhaf (to,yO)Zo) / {h,y\,Z\) and derive a conlradiclion. 
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Since by assumption to,ti £ from Lemma 6.6 and formula (94) it follows 
that {to,yo,zo) = whenever \z 2 \ < cy(x 7 T) '^^- Since by our assumption 

(fo,Jo,Zo) / (ti,yi,zi), it follows that 

1 

Then there is a number jS G Zn [0,log(Tfr^r)] such that 

(96) 

By formulas (84) and (94), on the interval Ijp := {5 : 7^l'^\z2s\ < 7/8} we can 
write 

vexp((ti +5)T17) = vexp(?o(‘S')Tf/)exp(y2(‘5')‘J” '^^7f)exp(z2(5)T^^/^y), 
where yii^) and Z 2 {s) are given by formula (85), that is, 

to{s) = se^y^^^'^\l+7^^h2sy^+to 

(97) y2(^) =3'2-Ti/3log(l+TV322^) 

Z2{s) = Z2i^ +7^^^Z2Sy^ ■ 

A calculation based on Taylor formula or the intermediate value theorem shows 
that there is a smooth function /i^ on Ij p such that 

(98) y2(‘y) =3'2-‘7'^^^^2‘y + /^z2(‘^)• 
and 


(99) \h,,{s)\<47\z2s\^. 

So if y 2 < 0, then for s satisfying l^l = with Z 2 S < 0, since T > 1, we 

have 


y2- 

Because y2(0) = 
( 100 ) / 


1 1 1 , ^ 

-^-> 0 . 

50 20 50, 


7^^h2S+ h,^{s) > 

cr{x,7T) 

= y 2 <0 and is continuous, it follows that there is 
G [-‘J-2/3/+1/20,T-2/3c(^+V20] C [-10 T, 10 T] 


such that 

y2(‘y*) =0. 

A similar argument holds when y 2 > 0, with l^j = ^nd Z 2 ^ > 0. 

The above formula for Z 2 {^) gives 

(101) < |Z2(/)| < ^ 


-;8+i 


crix,7T) ' ' " - crix,7T) 

In other words, there is some 5G{j3 — I,j8,j8 + 1} such that (to(y),ti + 5 *) is a 
5-close pair. Now we will use the definitions of the open sets ) and fli 

to derive the contradiction that 

(102) (to,yo,zo) ^ or 


S,ti +i* 

TT 


(ti,yi,zi) 


5,ri+i* 

7.T 
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From formula (93), for all 5 G M such that |fo(^) — to(‘^*)l < let 

be the edge length of the cross-section at (to(■5'),0,0) of the tube and for 

all 5 G M such that |5' — 5'*| < let 

be the edge length of the cross-section at (ti -|-5,0,0) of the tube . 

By formulas (97) and (100) for all s G [0,/] and for 5 G {j8 — 1,j8,j8 -|-1} we 
have 

(103) |to-to(5*)| <2\s-s*\ < 2 |/| 

In particular, the edge lengths at the points (to, yo, Zo) and (ti, y 1 , zi) are respectively 
£■'«("*) (0) and £■"+■'* (0). 

By the assumption that (to,yo,zo), (0,yi,Zi) £ f2o-j’(A) and by formula (94) we 
deduce the inequality 

(104) max{ |z 2 1,1^21} < (0) + (0). 

By the above expression and by formula (103) we derive the bound 

(105) max{|z2|,|y2|} < ^ ) max{2T^/^,1} ■ 

However, on the one hand if | 5*1 <T-2/3/2, we derive the inequality 

-< u, <- 

cr(A,Tr) ' '-50cr(v,Tr)’ 

which cannot hold as 5 < j3 -|-1, on the other hand if |5*| > T-2/3/2 by formula (98) 
since y 2 (‘^*) = 0 we derive the inequality 

which cannot hold as, by formulas (96) and (99), we have 

\7^^h2S* + h,,is*)\ > 2k2|T2/3|5*| > 

Thus if ar,T(fo,yo,2o) = GLx,7{h,y\,Zi) for (to,yo,Zo), (0,yi,zi) G under 

the assumption that (to,yo,2o) / (0,yi,Zi) we have reached a contradiction in all 
cases. It follows that (to,yO)Zo) = (0,yi,Zi)- Thus the map is injective on 
This concludes the proof of Lemma 6.15 . □ 

Now we estimate the contribution to the average width function from each 
"pinched" regions of the tube flj r(x). Let w p,tg be the width function for 
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Lemma 6.16. We have 


-dt <4- lO‘^cl{x,7T)7-^^^e^l^. 


Proof. A computation shows that, for all j3 > 0, T > 1 we have the estimate 


rT-2/3 


hp •= 


1 


rdt 7 


1 


/o e Jj-Vi e '^h{7^/^t)^ 

By formula (93), we observe that 


dt < 2‘J^2/3g2/I _ 


/ 


dt <2-\Q)^cl{x,7T)I^.j 




<4-\(fcl{x,7T)7-'^/^e^^. 


Proof of Theorem 6.7. By Lemma 6.16, we get 


1 rT 1 


-dt < Cy{x,7T) 


T Jo 

, [log(T>/37’)]+l 

+ 4 Y. 4-l0‘^n^j,{x)7-^/^cl{x,7T)e^P 

^ p=o 

. [iog(T>/3r)]+i 

+ 7 L 4 • (x)7-^^^cUx,7T)e^l^ . 

^ p=o 

Now by Proposition 6.13 we have 

[log(T‘/37’)] + l 
/3=0 

[iog(T‘/3r)]+i 

<4-10^Cr (e^2/tj2/3y.2^^-2/3g2/I 

p=o 

< 4 • 102c^r2(l +log(‘ji/^r)). 

By Proposition 6.14 we have 

[log(T‘/37-)]+l 

Y n^fj^{x)7-^^^e^P 


p=o 


[iog(a'‘/37’)]+i 

<4-10^CrCf £ (l+e^^T'/^r)T^2/^e2^ 

p=0 


< 8 • lO^e^C^Cf . 


The argument is therefore complete. 


□ 


□ 
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6.2. The rescaling argument. In this section we prove Theorem 2.3. Let us recall 
that the twisted horocycycle flow on M x T projects to the horocycle flow on M. 
Because the equidistribution of the horocycle flow on M is well understood (see [2], 
[3], [6], [21]), we restrict our considerations to functions with zero average along 
the circle action on M x T. Such functions are in the orthogonal complement of 
functions constant along the circle action with respect to any of the Sobolev norms 
considered in this paper. 

Let r > 0, 5 > 1/2, and let T > 1. Let us denote the ergodic integral (13) by 

We will estimate by iteratively rescaling the (intermediate) Sobolev norms as 
in [7] and [8]. Let /i G [1,2] be a real number and Z G N be such that T = For 
all integers j G [0, Z], let 

7j : = , Tj:=T/7j = . 


Then as j decreases from Z to 0, the scaling parameter 7j becomes larger, while the 
scaled length Tj of the arc becomes shorter. 

Let {^t ’ ^) again denote the flow of the scaled vector field Ty(Z7 + AA'). Observe 
that by change of variable we have 

Moreover, notice that if D G (L), then for all T > 1, 

7{U + XK)V = 0. 


Hence, the space (F) is independent of the scaling parameter. 

By orthogonality it is enough to estimate in each irreducible, unitary rep¬ 
resentation of X T). For any jj, G spec(n) and for any m G Z \ {0}, let 

H := be an irreducible, unitary representation of SL(2,M) x T. The space 
has an orthogonal decomposition 

(r) n (r)^ n . 

Then yj^ has a corresponding orthogonal decomposition in 77^ ^ written as 


(106) 





with 


■= 

•= 1 ?^’^ 




We begin by estimating the scaled foliated Sobolev norms of the remainder distri¬ 
bution JiJ G H 
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Lemma 6.17, Let s > 2 and let r > 3{s — 1). There is a constant C" := C"(r) > 0 
such that the following holds. For all A G M*, m G ’L\{Q},for allx= {x,d) GM x T 
and for all T >\, for all j G [1,Z] nZ, the distribution G satisfies the 

estimate 

< -;^[cr{x,‘Tj) + cr{hT{x),7j)] 


X 




|Ani| 


Proof Let 5 > 2, let r > 3(5 — 1) and let / G FI°°. Let f* be the orthogonal pro¬ 
jection in FLj^ of / into Ann(J^(F)). Because f* G Ann;^(r), by Theorem 3.4 and 

Theorem 3.18 there exists a solution g* G //°° of the equation 


7j{U + XK)g*=f\ 


such that the following bounds holds: 
(107) 


, „ ^ C, l + |Am|-(-i) 

^- U\r.s-7j 


By orthogonality, again we have 

*'(/)= 


Then the fundamental theorem of calculus gives 

\^^{f)\ = \7lxif)\ 

1 fT i T 

= \f^ f °<Pt ' '{x)dt\ 

TjJo 

= \^ f^'7jiU + K)g*o^^^'^^{x)dt\ 

Tj Jo 

(108) = I ^ (g* o (x) - g* (x)) I 

By Theorem 5.3, for all 5 > 2 there exists a constant C( > 0 such that 
( 108) < ^ [wo-^. (x, A, 1)^+ wj. (0^^' (x), A, 1)^^/^] 

X (|/*|o,s-l;Tj + k*|o,i-l;Tj) , 


any by Corollary 6.8 there exists a constant A'r > 0 such that 
W 7 ^{x,X,iy^/^ + (x), A, 1) ^ ^ 

< ^r[cr(^, Ty) + crihj (x), Ty)] (1 + log^/^ Ty). 
Lemma 6.17 then follows from the above estimates. 


□ 


Next, we estimate the scaled foliated norms of invariant distributions. 
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Lemma 6.18. For every s > 2 and r > 2s, there is a constant Cr^s > 0 such that 
/ / 


X 


-{r~2s) 




-{r-2s)-s;7j 


7=1 


Proof. We follow the proof of Lemma 5.7 of [7], For each integer j G [1,Z], let 
L:-* := on be orthogonal projection onto (D.) in the Hilbert 

J ^ ■' 

space . We get from definitions that 

vj = ptf {01^-'^). 

Iteratively applying the triangle inequality, we get 

I'D'U-s < \V‘-^\-r,-s + \lT{^‘^')\-r,-s 

7=1 

(109) = |D°|_r-. + L 

7=1 


By Theorem 4.3 and Theorem 4.9, for any s > 2 and any r >2s there exists a 
constant C'^ > 0 such that 


( 110 ) 




—r,—s 


< C;,,To 1/^(1 + 

= c;,,r-i/6(l + |Amr3^)|DV(r-2.).-.;r, 


and for all integer j € [1,/], since I('*(lRl ^) G {D->), we have 


( 111 ) 


|I7(D?^'-1)|_,_, < C;,,T7'/'(1 + |Amr3^)|i;'^(3Jl-i)U(,_2.),-.;T, 




Finally we observe that = e ^, hence there is a constant C'^ > 0 such that 

l^'^' ^l-(r-2i),-.s;a'j < ^|-(r-2.s),-i;7'j_, • 

The lemma then follows from the bounds in formulas (109), (110) and (111). □ 

Recall from (82) that for all (x, T) G M x M+ 

Cr{x,T) = sup cr(x,7). 

0<t<T 

From Lemma 6.17 and Lemma 6.18, we prove 


/TX /o\ 

Theorem 6.19. For every s>2 and r>5s — 3, there is a constant Ci-J • = Ci-J (F) > 
0 such that for all T >l we have 


\'X)'\-r.-s < dj’[Cr(x,r) + Cr(/ir(v),r)] 

x(l + \Xm\-^^)T-^l^{\+\og^l^T). 
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Proof. Orthogonality shows 

(112) < I . 

Jo 

( 3 ) 

By Theorem 5.2 and Theorem 6.7, we get a constant Cs > 0 such that 

<cF[cr(^,r) + cr(/iT(x),r)](l+logi/2r). 
We observe that by the definitions since 7j < T for all y G [1,/], we have 
cy{x, 7j) A-cyQit {x) ,7j) < Cy{x,T) +Cr(/Jr(-^),7’) ■ 

By Lemma 6.17 and Lemma 6.18, we get 

\‘U^\-r,-s < dj(l + \Xm\-^Y[CT{x,T) + CY{hT{x)J)] 

X r-'/'’(i+iog'/2r)[i + . 

\Am\ 


Since the series converges there exists a constant C > 0 such that 

[1+T Tp'”] < c( 1+. 

\Am\ “j 

hence the argument is complete. 


□ 


Proof of Theorem l-lt. Let s > 2, and let r > 5s — 3. Set j = I in the orthogonal 
decomposition (106). Define to be the direct integral in W^'‘’”^(M) of the 
distributions taken across all irreducible, unitary representations of the group 
SL(2,M) X T on L^(M x T). Analogously define ^ fo be fhe direcf infegral of 

fhe disfribufions By Theorem 6.19 and orfhogonalify, fhere is a consfanf 

Cr^s '■= Cr,i(r) > 0 such fhaf for any x = {x,d) G M x T and for any T >e, 

IV. ^ CrACrixJ) +Cr(/ir(^),r)]'(l + |Ar'^-)(l TlogT). 
Similarly, Lemma 6.17 and orfhogonalify imply 

V. < C,,[Cr(x,r)+ Cr(/ir(x),r)]2i±^-^5l^(l+logr). 

These fwo esfimafes fogefher give fhe esfimafes (16) in Theorem 2.3. This con¬ 
cludes fhe argumenf. □ 


7. HOROCYCLE MAPS 

In fhis section we prove Theorem 2.7 on fhe effeclive equidisfribufion of horo- 
cycle maps. The argumenf is based on fhe effective equidisfribufion of horocycle 
flows [6] and of fwisfed horocycle flows (see Theorem 2.3) as well as bounds on 
solution of fhe cohomological equafion for horocycle maps, which we prove below. 
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7.1. Cohomological equation. Given f £ C°°{M), we obtain Sobolev estimates 
of solutions to the cohomological equation 

(113) f = g°hL-g, 

for L > 0. Such estimates have already been obtained in Theorem 1.2 of [23] by 
studying the horocycle map directly and without reference to the twisted horocycle 
flow. Here we derive improved estimates from our solution to the cohomological 
equation of the twisted horocycle flow. 

We recall that the horocycle flow is stable in the sense that for every non-trivial 
irreducible representation and for every function / G //“ which belongs to the 
kernel of all horocycle flow invariant distributions, the cohomological equation 
Ug = f has a unique solution g G //” (see Theorem 1.2 of [6]). It is therefore 
possible to define a Green operator for the horocycle flow defined on the kernel 
Ann(J° ) C //“ of the space of all horocycle flow invariant distributions. The 
Green operator is uniquely defined by the following identity: 

UG^^{f)=f forall/GAnn(jO). 

As the horocycle vector field U, as a linear differential operator on is repre¬ 
sented in Fourier transform on the space (M) by the multiplier U = i^, it follows 
that the Green operator is represented by the multiplier 

= for all / G Ann(J°). 

For every e > 0 let |f/|® denote the self-adoint operator defined by the spectral the¬ 
orem as a function of the skew-adjoint operator U on every unitary representation. 


Theorem 7.1. For all s>0 there is a constant Q > 0 such that the following holds. 
For all irreducible, unitary representations of the principal or complementary 
series, for all e G (0,1), for all r,a > 0 and for all f G Hf nAmi^(r), there is a 
unique solution g G H'f of the cohomological equation (113) /or the time-L horo¬ 
cycle map hi and we have the following estimates: 

\\gohi,2\\r,s,a<Cs + , 

and, with respect to full Sobolev norms, we have 

/1 _l_ r2i reji 4- G) \ 

lls 0*1/2 11. < Q \Kif) II. + / 4 l/ll2,+l+d . 


Proof By taking the Fourier transform of both sides of equation (113), we get the 
formula 


m 


eiL^ - 1 ■ 


The estimate will be carried out separately on the intervals \ ^\<7t/L,^>7t/L and 
^ < —il/L. On the bounded interval Ii := [—n/L,n/L\ by the definition of G^{f) 
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we can write 


= <??(/). 

Observe that the function 

0(t]) := — 

is infinitely differentiable and bounded on [—71, tt], and note € [—71, tt] whenever 
^ E II- Let a,p E N. For 0 <£ < a and i + m< [5, let 


( 0 ) 


There exists a constant p > 0 such that 

By formula (44) we have universal coefficients 

(vPx“)|<.'W2^K)| = -i£ £ 


' i<a j+m<P 
k<m 


By the triangle inequality, it follows that there exists a constant > 0 such that 

\\vPx^g\\,2^j^) 

(114) X £ (i + |v|)'||Wg;;(/)||^2(r). 

i+j+k<a+P 

On the half-lines ^ > n/L and ^ < —n/L we proceed in a different way. By a 
formula in complex analysis (see for instance Chap. V, §4 in [4]) we have 

_!_= i(?5+V(-i)._ ILf _) 


Hence, we can write 


fe'^''''s(5) = /K)TT + -E 

^ n>\ 


1 ^ 47 r(-l)^ 


m- 


L ■’ '•^1 ^2 _ {2Tzn/LY ' 
For all a, j3 > 0, we will estimate the Ly(]R) norm of 

V^X^{ie^^^/^g). 


Let £ E (0,1). For > 0 we can write 
(115) .■<''W2 j(«) = 7^ + 7E(-1) 

^ ^ ^n>\ 


^ +2KnlL ) 


-InnlL ) 











66 


LIVIO FLAMINIO, GIOVANNI FORNI, AND JAMES TANIS 


For 0 < £ < a and i + m< p, let 
(116) 


t ^ ^ \a~i( ^ 


C::(5)-(5yrv{255y)“-'(yf^! 


Then as in formula 


(44), there exist universal coefficients (a^”^), {b'f’lm) 


■IP) 


(117) 


U + 27rn/L j U - 27rn/L j ^ 

k<m 




We prove below a bound for the functions defined in formula (116). 

For {£,i,m) = (a, 0,0), since > 0 and InnjL > 0, for all e G (0,1) we have 
fhe esfimafe 


(118) 


,, '2.7tfi ,,1 p , 27rn, p 


If follows fhaf, for all £ > 0 and for all > 0 we have 


Inn' 


(119) IICop |Il-(m+) < 

For / (a,0,0), lef 

:= {(wo,>vi,W2) gN^ x N\{0}|>vo < i, 

(120) wi < W2 < wi + f + m < a — f' + 2/ + m}. 

By inducfion we prove fhaf fhere exisf universal consfanfs {cwlw G such fhaf 

For j E N, we also compute that 


( 121 ) 




dJ 


2nn (-l)l+'j! 


+2Tin/LJ L (i§+27rn/L)f+'’ 

hence fhere exisf universal consfanfs {c'^p\w G <k<W 2 ] such fhaf 

/ p\ pwi~W2+\--e 

Y C ‘ 


7,^2 




W2 


,VF0. 


VF2—1 

+ IL IL ^'w,k 

weWi^i^m k=0 


^ ^2%nlL 

-e 


:wi~e 


WQ 


L +27rn/L)'^2”^+i 


Therefore, we derive from formulas (118) and from fhe above formula fhaf fhere is 
a consfanf > 0 such fhaf, for all £ G (0,1) 


( 122 ) 


<*^i':;,(l + |v|)'(l+L'+")(2f , forall ? >I/Z. 


42) 


/+m\ 
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(£),e 


By the uniform bounds (119) and (122) on the functions on the half-line 


p+ — 


O') 

> 71/L}, it follows that there is a constant p ^ ^ such that 

/+7+m<jS L / 

£<a,k<m 




\"J /+;+feo+0 

l<a 


By formula (117), by the above estimate and by Theorem 3.4 it follows that there 

(4) 

exists a constant A'), „ > 0 such that 


\\vPx^ 


a,jS 

1-e 




^vv-l;-V/3U 


1+e 


(I+lP) 


^ +l7lnlL) —InnlL) 

x(i+ivi)'' £ (i+iviyiiT^i'^if/r/iiL^,(M.) 


i+j+k<a+fi+\ 

Since e > 0, there exists a constant A' > 0 such that 


n> 1 


K 

< -L 
e 


l+e 


hence by formula ( 11 5), by the above estimates and by the triangle inequality, there 
exists a constant A'^^j > 0 such that 


(+) 


■L^ 


1 K 

X (1 +L^)(1 + |v|)^ £ (1 + |v|)'|| W|17r/llL2,(M+) • 

/+y+/:<(z+j3+i 

The argument is analogous for < 0. In this case, write 

L 5 ' \i-2nnlL)\i+lnnlL)' 

and proceed as before. We conclude that on := {^\^ <—7 r/L}we have 




K 


Ll(R-) + ' 


'^L J J^'' V- / I I y g 

xii+LP){\+\v\)P £ ii - vri|y^x^ii7r/ii4(R-) • 

/+y+/;<0(+j3 + l 


( 124 ) 
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For r G N, and let 5 G N be an even integer. For a + j3 < 5, it follows that is a 
constant > 0 such that 

i+i 

+ L%\ +L^)(1 + |v|r X - v\Wf\o..+i-k] 

k=0 

<cif (^|G;;(/)|,, + L"(l+L^)||f/|V|r+.,.+i) . 

This concludes the proof of the first estimate of the theorem, for r G N and s G 2N. 
The estimate for arbitrary real r > 0 and 5 > 0 follows by interpolation, which 
concludes the estimate in the case a = 0. 

Now let a G N be an even integer. As (/ — commutes with the horocycle 

map Hl, the function {1 — U^yl^g is a solution to the cohomological equation (113) 
with coboundary (/ — Hence, the above argument applies, and the first 

estimate holds for all even a G N. It then holds for all real exponents a > Oby 
interpolation. The second estimate follows from the first. □ 

The case of irreducible unitary representations of the discrete series is com¬ 
pletely analogous. We have 

Theorem 7.2. For all s > 0 there is a constant Cs > 0 such that the following 
holds. For all irreducible, unitary representations of the mock discrete series 
or discrete series, for all e G (0,1), for all r,a> 0 and for all f G DAnn^lT), 
there is a unique solution g G Fl^ of the cohomological equation (113) /or the 
time-L horocycle map hi and we have the following estimates: 

\\gohL/2\\r,s,a<Q (^^^\\G]i{f)\\r,s,a + ^^^^^ ■ 

and, with respect to full Sobolev norms, we have 

Proof The argument follows the proof of Theorem 7.1. This time the Fourier 
transform is defined on 1R+, and the estimates for the twisted cohomological equa¬ 
tion are derived from Theorem 3.18 instead of Theorem 3.4. This accounts for the 
worse loss of derivatives we have for solutions of the cohomological equation in 
the discrete series compared to the principal and complementary series (compare 
the statements of Theorem 7.1 and Theorem 7.2). □ 

7.2. Effective equidistribution. We recall that FI^ denotes an irreducible, unitary 
representation space of L^{M) with Casimir parameter jj. G spec(n). For each 
k£Z/{0} andL ^ 0, let be the distribution defined on smooth functions by 

V,,L,k{f)=Df^^\et(^f). 


(125) 
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It follows from Lemma 3.3 and Lemma 3.14 that By Theo¬ 

rem 1.1 of [6], contains a normalized basis of at most two invariant distribu¬ 
tions for the horocycle flow, which can be taken to be generalized eigendistribu- 
tions for the geodesic flow. Of course, these basis elements are also invariant under 
the map hi, and we denote them by 2?+ and D^. 

Observe that for any {x,N) E M x N, the ergodic sum jj (hniix))* is a mea¬ 
sure. Then for any 5 > 1, r > 0, a > 1/2, for any L > 0 and for any {x,N) E M x N, 
there exist a horocycle flow-invariant distribution ^^^NLrsa /iL-invariant distri¬ 
bution ^ remainder distribution ‘Jlx,N,L,r,s,a such that the following 

(orthogonal) decomposition holds in the Sobolev space 


(126) 


v-i 


l^iKdx))* 

«=0 




+ D 


twist 

x,N,L,r,s,a 


+ 01, 


x,N,L,r^s^a • 


In addition, since each OO^^i^k £ Hu the following decompositions hold: there 

are a sequence of complex numbers \ i^^{x,N,L,r,s,a) > such that 

I ’ J jU€spec(n) 


D 


twist 

x,N,L,r,s,a 


0 L CT,^,^{x,N,L,r,s,a)Di^^k,L, 

jUEspec(n) {0} 


and a sequence of complex numbers \ c<r^± (x,A^,L,r,^,a) \ such that 

I ) /X€spec(n) 


^x,,N,L,r,s,a * CD ^(X)+* 




Lemma 7.6 of [23] and (24) show that for sufficiently large r,s and a > 0, the 
distribution a given by a convergent series in each irreducible Sobolev 

subspace of 1L^''’”^’”'*(M). 

In what follows, we estimate the distributions in the decomposition (126). The 
first step is to derive Sobolev estimates for 0lx,N,L.r,s,a from estimates for the solu¬ 
tions of the cohomological equation of horocycle maps proved above. 

Recall that for all {x,L,N) E M x M+ x N, we set 

(127) Dy{x,L,N) := , 

Lemma 7.3. For any r>3, s>2, a>2 and £ E (0,1), there is a constant Cr^s,a,e •= 
Cr,i,a,e(r) > 0 such that 


1 -f 

,N,L,r,s^a\\—r,—s,,—a ^ Cr,s,a,e22r(x, L,N^ ^ 

Proof. Let Fl^ be an irreducible, unitary representation of SL(2,M). By Theo¬ 
rem 7.1 and Theorem 7.2, for any function / E Ann^iJ') n//" there is a unique 
solution g E 7/^ of the cohomological equation (113) for the time-L horocycle 
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map, and for any a > 0 the function g satisfies the estimate 


Wgoh/lWo.a.O <Ca 




Gu (/)llo,f 7 ,o 


-1-||/||3f7,CT+l,e ■ 


(128) 


Because / € is a smooth coboundary, we get as in Lemma 6.17 that 

\^x,N,r,sAf)\ ^ \g°f^NL{x)\ + |g(x)| 

< \g°hL/2{hL{N-l/2){x))\ + \gohL/2ih-L/2ix))\■ 


By Theorem 5.3 and by Lemma 6.4, for all a > 1 there exists a constant r > 0 
such that 


(129) 






(/)| <C(j,r^r(v,L,/7)(||f7go/ii/2llo,CT,o + lkofiL/2llo.f7,o) 


Notice that Lg is a solution to the cohomological equation (113) for the tim e-7, 
horocycle map with coboundary Uf, hence by Theorem 7.1 and Theorem 7.2, we 
get a constant > 0 such that for all £ G (0,1), 


(130) 


\\Ugo /li/2 llo.cT.O (^/) llo.cT.O 


+2c; 




3o',CT+l,l+e/2 ■ 


By definition, UG^{Uf) = Uf, hence by uniqueness of solutions for the coho¬ 
mological equation of the horocycle flow, (see Theorem 1.2 of [6] or the proof 
of Theorem 3.4), we have G^{Uf) = /. By the bounds in formulas (128), (129) 
and (130) it then follows that 


(131) 


\%,N,r,xAf)\<Ca,rDr{x,L,N) 


\+L 


2a 


0,(J,0 + I|Gu(/)I|o,ct,o) 


+ '2'C'fyj'Dr{x,L,N) - ll/||3fT,fT+i,i+e/2' 


Now observe that Theorem 1.2 of [6] shows that for all e' > 0, there is a constant 
Ca,e' ■— Caje'Cr) > 1 such that 


|Gt(/)|| 


0,f7,0 < 


\GAf)\\a<Ca,e' 


CT+l+e' ^ Cff^£i\\j ||o,(j+l+e',(j+l+e' ■ 


Taking a, £,£' so that r > 3a, s,a> o + l + £' and 2a < 2 -|- e, we get that 


Ax,N,r,s,a{f)\ — Cr,SM,eDr{x,L,N) 


1 -h 


This proves Lemma 7.3 for coboundaries in each irreducible, unitary representa¬ 
tion of SL(2,M), and the general statement now follows by orthogonality of the 
decomposition of into irreducible components and of every function 

/ G (M) into a coboundary component and an orthogonal component. □ 
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For each k E Z/{0}, let 

‘^L,k'-= 0 CD^i^,^ix,N,L,r,s,a)D^^L,k- 

^Espec(n) 

By applying j- Jq e^^‘i^{ht{x))*dt or ^ ^Q{ht{x))*dt to the ergodic sum, Lemma 7.2 
of [23] and the definition of and give 

Lemma 7.4. For all {x,N,L) E M x Z+ x M+ and k ^Z\ {0}, we have the follow¬ 
ing distributional identities in £.'{M): 

1 fNL '\rL 

T)L,k = 7 / e^^'^^l^ihfxffdt - - / ; 

L do L 7o 

1 1 

T>^ = - {ht{x))*dt-- h^,‘3l^^N,L,r,s,adt. 

LJq LJo 

As noted, Lemma 7.6 of [23] and (24) show that for sufficiently large r,s and 
a, the distribution given by a convergent series in each irreducible 

component of For such {r,s,a), we have 

(132) I 21l4- 

tez/fo} 

The distribution 'Jlx,N,L,r,s,a is controlled by Lemma 7.3. We now estimate the 
integral of ‘dix,N,L,r,s,a along the horocycle flow. 


Lemma 7.5. For all r > 3, s > 2, a > 2 and £ E (0,1) there exists a constant 
the 

1 rL 


C'xx a e > (^ 


L Jo 


\^x^,L,r,s,a{f oht)\dt < Cl^^^^^^Dr{x,L,N) 

1 + , 

X-?-(1+2^ 


2s 


r,s,s-J-a • 


Proof. By Lemma 7.3, for all r > 3, 5 > 2, a > 2 and e E (0,1) there exists a 
constant Cr^s,a,e > 0 such that, for all / E C°°{M), we have 

1 


LJo 


\^x,N,L,r,s,a{f ^ h()\dt < Cr^s,a,eDr(x,L,N') 


1+l2+® 

L2 


["\\f 

Jo 




Also notice that for any / E Hf, 

U{foht) = {Uf)oht, 

X{foh,) = [{X+tU)f]oht, 

(133) V{foht) = [iV-2tX-t^U)f]oht. 


Hence, for all r,s,a G N, there is a constant Q > 0 such that 

\\foht\\r,s,a < Csil+t^')\\f\\r,s,s+a ■ 

By interpolation, this estimate holds for all r, 5, a > 0, hence the lemma follows. □ 
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Next we estimate the Sobolev norms of the distribution ‘^^xN^rsa- 
{x,L,N) G M X ]R+ X N, let Cr{x,L,N) denote the positive constant defined by the 
formula 


(134) 


Cr{x,L,N) := Cr{x,NL)+ Cr{hNL{x),NL). 


Lemma 7.6. Let s > 2, a> 2 and r>5s — 3. For all £ > 0, there exists a constant 

( 2 ) 

C\s,a,e > 0 and for {x,N) G M x N and L> 0 there exists a decomposition 

(T\twist _ q^twist _j_ rntwist 

‘^x,N,L,r,s,a ■^x,N,L,r,s,a,e ' '^x,N,L,r,s,a,e 

such that the following estimates hold: 

IUr-.,^(l+r) < Cl2a,eCr{x,L,N) 

X (l+L^"+'')(NL)5/®log^/2^e + NL)]; 

II-(.+.+!+£) < cg,,,Dr(v,L,iV)(l +l2^+2+^) . 

Proof Notice that for any p G spec(n), for any L > 0, k e ^/{O} and for any 
£ G by the definition of the invariant distributions we have 


(135) 


= ( 1 +. 


Then by Lemma 7.4 we derive the formula 

VL,k = {i + -pr ■ ■■ 


el2^l_^2)El2 e^^^'’^/^{ht{x))*dt 

(136) -(l + ^^)-^/^(/-f/2)"/2 


Then integration by parts shows 
1 


LJo 


p.mtk/L _ jjly/ljr ^ 

= u^Y'^f o hNL{x) -{I- u^Y^^ix)] 


2Kik 


1 rXtL 

— / -U^f/^f oht{x)dt. 

lik Jo 


2nik 

By Theorem 2.3, for all 5 > 2, for r > 5^ — 3, there is a constant C,-^ > 0 such that, 
for all £ G M+ we have 


||(/_ [/2)e/2 




< ^(1 +L^^)Cr(x,L,iV)(iVL)5/6logV2(g + |A7L|). 


(137) 
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Now we estimate the integral of the remainder distribution from (136). Integration 
by parts gives 

|1 - U^T^^fohr)dt\ 

L Jo 

< ^\%,N,L,r,sA{i - UA'^foht) - ,.,.(((/ - U^f/A) I 

rL 


+ 


1 


Inik 




Then Lemma 7.5 shows that for all r > 3, 5 > 2, a > 2 and e' G (0,1), there is a 
constant Cr,s,a,e' > 0 such that 


(138) 


\k\ 


A similar estimate holds for the finite factor. 
Now define 

47i^k^ . 


'I>^:AL,r,s,a,e ■■= I (1 + 
teZ/{o} 


-e/2 


(139) 




~ Zt7r2?,2 

rntwist _ /I , ^-e/2 

•^x,N,L,r,s,a,e ■— 2-i 

teZ/{0} 


L2 




By consfrucfion and by formula 136, we have fhaf 

rrxtwist _ rpjtwist i mtwist 

■^x^N,L,r,s,a ^x,N,L,r,s,a,e ' '^x,N,L,i\s,a,e • 

In addifion, by fhe esfimafe in formula (137), for any e > 0, fhere exisfs a consfanf 
Cr.s,e > 0 such fhaf 

Il'Titwist II ^ /I , T8i+e\ 

\\-^x,N,L,r,s,a,e\\-r-s-(\+e) ^ -f-L ) 

X CT{x,L,N){NLfl^\og^l'^{e + NL). 

By fhe esfimafe in formula (138), fhere exisfs a consfanf Cr^s,a,e > 0 such fhaf 


□ 
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Proof of Theorem 2.7. By formula (126) the distribution given by the ergodic sum 
of the time-L horocycle map for a point x £ M and up to time 77 G N can be de¬ 
composed into a distribution 2 )°^ ^ ^ invariant under the horocycle flow, a distri¬ 
bution invariant under the horocycle map (but not under the horocycle 

flow) and a remainder distribution ‘Jlx,N,L,r,s,a- 

The estimate for the distribution Lrsa follows from Lemmas 7.4 and 7.5, 
and the estimate for the distribution follows from Lemma 7.6. Finally, 

the estimate for the remainder term 'P.x,N,L,r,s,a is given by Lemma 7.3. This con¬ 
cludes the proof of Theorem 2.7. □ 

8. A RESULT ON Shah’s QUESTION 

In this this section we prove Theorem 1.3. We follow the approach from Theo¬ 
rem 3.1 of the paper [25] by A. Venkatesh where, for / G C"(M) of zero average, 
the sum 

1 ^ 

n=l 

is controlled by sampling / along suitable arithmetic progressions. 

Proof of Theorem 1.3. Let / G C°°{M) such that /^/r/vol = 0. 

By Taylor formula for every fixed A G N \ {0} and for every t > 0 we have 

(140) {N + tY^^ + {\ + d)N^t + o(N^-^f^ . 

Thus the function (A-|-i)'+^ is well approximated by its linear Taylor polynomial 
as long as is small for N large. 

Motivated by the above remark we fix e > 0, we set Ai := -|- 1, and for 

all 7 G N \ {0} we define 

Ay+i 

Let 7 G N be such that Nj < N <^ 7 + 1 . This implies in particular that N — Nj < 
Nj^i —Nj = Hence, there is a constant C/ > 0 such 

that 

1 M-l 

-I £/o/^„,+,(x)|<CyA-^ 

(7=0 

n=Nj 

and both terms converge to zero as A ^ -foo. Then we need to estimate 

1 Nj-l 
(7=M 

We then let, for all 7 G {1,... ,7 — 1}, 

Ly:=(l + 5)A;. 


(141) 
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By the triangular inequality we have 

1 Nj-l . 7-1 

^1 


n=N\ 


j=\ k=0 

7-1 


l-S-ei 


(142) 


1 Nj-\ _ . , 

+ I L / ° (•^) - L L f° 

n=Ni 7=1 t:=0 ^ 


Wl- 


We begin by estimating the first term on the RHS in the above inequality which 
is composed of several sums along arithmetic progressions. 

By Theorem 1.2 and by the effective equidistribution of the horocycle flow (see 
Theorem 1.5 in [6]), for every e > 0 there exists a constant C/,e > 0 such that, for 
all 7 G {1,... ,7 — 1} and for all x G M, we have 


(143) 


[A?j‘ '=]-l 


k=0 


+Cf^e(L]^^^\LjN^/ y^\iogNjy^^+L]+^y 


By these inequalities, since 1 — < 1, under the hypothesis that 5 < 1/13, 

it follows from the estimate in formula (143) that there exists e > 0 (sufficiently 
small) such that for all x G M we have 


i:=0 


Since by construction we have that = A^y+i —Nj and Nj > N\ = 

+ 1 for all 7 G {1,— 1}, and also Nj <N, by telescopic summation it 
then follows that for all x G M we have 

7_1 ^ 

7=1 i=0 ^ 

In particular we have proved that, uniformly over x G M, 

Now we estimate the second term on the RHS of formula (142), that is 


1 Nj-l j-iNj+i-Nj-l 

^ I L / o y+s (v) - £ £ / O . (x) I . 

n=Ni 7=1 k=0 ^ 


(l-5)/2-e. 


— 1, we have 


By Taylor formula (140), for0<k< [N] 

{Nj + ky+^- (Nj+^ + kLj) = 0{Njy , 
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hence there is a constant C/ > 0 such that, for all 0 < ^ < A^y+i —Nj, we have 


1/ ° h{Nj+ky+S (^) - / O K]^S+kLj (^) I ^ ■ 

It follows that there is a constant C/ > 0 such that 

Vy-I J-lNj+i-Nj-l 

I £ / O h^i+s (x) - £ £ / O (x) I 

n=Ni j=l k=0 ‘ 

i=\ ^=0 ' 


7-1 

< C/ £ (A^y+I - A^y)A^r2e < C/A^A7-2e < 
;=i 


-2e(l-e) 


Thus, we have that, uniformly over x G M, 


1 /y/-i ^ 

L /o/i„i+5(x)- £ £ (x) =0. 

yv^+o=jv i=l yt^o ' / 

Theorem 1.3 follows from this, formulas (142) and (144). 




□ 


Let A = 


Appendix A. 

A. 1. Line and upper half-plane models of SL(2, M), The irreducible representa¬ 
tion spaces for SL(2, R) x T can be studied in concrete, unitarily equivalent models. 
We presently describe the line and upper half-plane models for SL(2,R). 

^ j ^ ^ SL(2,R). Let /r G spec(n) be a Casimir parameter, and 

let Hp, be an irreducible, unitary representation space in the kernel of (/! — □). Let 
V = -^1 — jj. be a representation parameter. We denote by Hp the following models 
for the principal and complementary series representation spaces. In the first model 
(the line model) the Hilbert space is a space of functions on R with the following 
norms. If /i > 1, then v G /R and ||/||o = ||/||l 2 (k)- If 0 < /j < 1, then 0 < V < 1 
and 


Hu - 


mm 


1/2 


1-v 


dxdy 


The group action is defined by 


Kv-.SL{ 2,R)^U{H) 
^v(A)f{x) = I-cx-har^''+^V( 


' —cx -|- a 


where x G 


The vecfor fields for the model Hp on R are 
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For /T < 0, we let H be the upper half-plane. The upper half-plane model is also 
denoted by where now jj. G {—rP' + 2n :n £ Z+}, and its norm is 


ll/ll 


Hu 


(/hI/(-^ + *»P/ ^dxdyY^^, n>2\ 

1 /9 

{^Wy>olR\fix + iy)\^dx) ^ , n = \. 


This model has the group action 71 ,, : SL(2,M) —>• U (^/i) defined by 

^n{A)-.f{z) {-cz + ay”f{ ^ 

—cz + a 

The anti-holomorphic discrete series is similar, but we only consider the holomor- 
phic case because there is a complex anti-linear isomorphism between two series 
of the same Casimir parameter. 

Then the vector fields in the model H are: 

X = -(l + v)-2z| 

^ = -fz 

F = (l + v)z + z2|. 


Appendix B. 

Proof of Lemma 3.1. If /T > 1, then Lemma 3.1 is immediate. So say 0 < /i < 1. 
Then 

(145) ||/||2= [ [ f^Yl^dxdy = {f*K,f), 

JR JR \x — y\^ 

where K{x) = A computation shows that the Fourier transform .^(1) is de¬ 

fined, and moreover, for any € M, 

Because K is not identically zero, we have .^(1) 7 ^ 0. 

Thus, Plancherel’s equality gives 

(i45)=^(i) f \M)\^\^rd^. 

JR 

□ 


Proof of Lemma 2.16. L&tz = x + iy. Using Lemma 3.15, we have 



= e-^yp{^) 

(146) =e-^yf{^). 


Because V > 1, Sobolev embedding shows /(• -|- iy) G L^ (M) for any y G M+. More¬ 
over, as / is smooth, f^f{x + iy)e^'''’‘dx is also in L^ (M). , So the Fourier inversion 
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formula followed by Lemma 3.15 gives 

/(2) = i [ ( f f{t + iy)e-‘^*dt\ 

271 Jm \Jr ) 


2k Jr\Jr J 

2-f 

2k Jr+ 


1 

2k 

We now consider the norm for v = 0. The Plancherel theorem and for¬ 
mula ( 146) give 


lo = sup / \f{x + iy)\^dx 

y>0 

= —sup [ I [ f{x + iy)e^‘^^dx\^d^ 
2 k v>0 4r+ JR 


2k y>o 


e-^^y\m\^d^ 

^-f \M)M- 

2k Jr+ 


For V > 1, we have 


(147) 


= f [ l/(■^ + ^»lV ^dxdy 

Jo JR 

2k Jr Jo 


Using integration by parts v — 1 times, we conclude 

,2 


|2_(v-l)! 


/ \M)? 

Jr 




□ 


Proof of Lemma 4.5.' When // is a principal series representation for G, the opera¬ 
tor Uj is unitary, so H is in the complementary series. Recall that the norm for the 
line models is 


lo = 









From Lemma 3.1 of [23], the Fourier transform of / is defined and continuous 
everywhere. 
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Without loss of generality, assume A > 0. We have 

f |/(A+T‘/’(5-A))l"l5rV5. 

Jr 


Let y — X = ~ A). Then 

r'' = 


^v/3 


(y + (Ti/3_i)A)'' ■ 


Because y G ( 4 , we get the upper and lower bounds 


jl/3 


TV3 + 1/2 


< § < 


Tl/3 


Ti/3 _ 1 /2 


A- 


These bounds are made largest and smallest by setting v = 1 and T = 1. We get, 

< \W\\l < v^A-''/ 2 ||/||^ 2 („) . 

We have the same upper and lower bounds for ||/||o, so 


1 


< 


V3 \\J 110 

This completes the proof of Lemma 4.5. 




□ 


Proof of Lemma A.W. In this case, Ix = [X — 1/2,A + 1/2]. Setting (—1)! := 1, 
Lemma 3.16 gives 

IIWIlS = ■ 

So let y — A = ~ A), which means 


r'' = 


^v/3 


(y + (Ti/3_i)A)v • 


Observe ^ '' satisfies 

( 


yATi/3 + 1 / 2 ^ 




( 


\^AT1/3_i/2^ 


These bounds are made worse by setting T = 1, so that we get 


(v-1)! 


L-^m < ||t^T/lk„ < 


(v-1)! 


(27r(A + 1/2))^ - {27i{X - 1/2))' 

We get the same upper and lower bounds for ||/||o, so there is a constant C > 0 
such that 

1-1/(2A)V< ^t/IIo ^ ^1 + 1/(2A)^ 


< 


1 - 


,l + l/(2A)y II/IIO 
Now because A > v + 1, we get a constant C > 0 such that 

1 / II^t/IIo 


1 /( 2 A)J • 


< 


<c. 


0 
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□ 


Appendix C. 


Proof of Lemma 6.4. Let H := {w = x + iy E C : Im(>v) > 0} be the Poincare upper- 
half plane endowed with the Riemannian hyperbolic metric 

\/ dx^ + dy^ 

as =-, 

and let M be the unit tangent bundle of a surface S = r\B[. 

When M is compact, the horocycle flow has no periodic orbits and all orbits are 
transverse to the X-V leaves. By compactness, there is a constant Cp > 0 such that 
for any a E M is injective on the domain 

[-Cf,Cf]x[-l,l]x[-C^Cf]. 

Because < 1, the lemma is proven if M is compact. 

Now assume M non-compact. Let {C,} be the collection of disjoint cusps of the 
surface S bounded by a cuspidal horocycles of length < 1- By a cusp of M we 
mean the tangent unit bundle C, C M of a cusp Ci. 

By compactness, there exists a constant A'r > 0 such that if dM{x) > Kr then the 
ball of center x and radius 4 is contained in some cusp C,. 

For dM{x) < Kr, the above argument gives a constant > 0 such that Ux is 
injective on the domain 

X [-1,1] x . 

Let C be any cusp. By conjugating the lattice if necessary, we may assume that 
the cusp C has a fundamental domain D = {z E IH : |91z| < 1/2, Imz >^r^} and 
that a parabolic subgroup F stabilizing the cusp C is the subgroup 

';):»ez}cr. 


The tangent unit bundle D of D is a fundamental domain of the cusp C C M. 

We consider the usual identification of SL(2, M)/±7 with the tangent unit bundle 
the mapping g E SL(2, M)/ ± 7 i—)• (g • /, dgfi)). Under this identification, the 
domain D is identified to 




bd-\-ac ,--11 
^ 2 / 


In fact 


^ ( a b \ . _ bd + ac . 1 

\c d ) = + 

For simplicity, for all g = ± E T^EI « SL2(M)/±7, we define Im(g) := 
Im(g • /), i.e. Im(g) = (c^ + d^)^^. We also remark that, by the triangle inequality, 
there exists a constant cp > 0 such that, if x E D is a representative of x E C, then 


loglm(x) — cr < i7m(v) < loglm(x) -|- cp • 


(148) 
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Our choice of the constant was motivated by the following observation: if 
X G D and xi G ss SL 2 (M) are two representatives of a point x G C which are at 
a distance less than 4 from each other, then if dM{x) > Ky there exists n G Z such 
that xi = 7„x (in fact \n\< 4Imx). 

Set, for conciseness. 


A(t) = exp(tX/2), H{t) = exp{tU), H{t) = xexp{tV). 


Let /a = [—A, A] X [—1,1] X [—A, A]. By continuity, there exist Aq such that for all 
A < Ao the map (t,y,z) G Ia>—> H{t)A{y)H{£) G SL 2 (M) is a diffeomorphism onto 
its image satisfying, for all {t,y,z) G I a, 

distildsY2{R),H{t)A{y)H{z)) <2. 

Furthermore, by taking partial derivatives of the function 

F : {it,y,z), it',y',z')) G 4 x 4 ^ //(t)A(y)4(z)4(z')^'A(y)-'//(t')-' 


at the point ((0,y,0), (0,y',0)), we find that 

/ lA 

(149) F{{t,y,z),it',y,z'))={ 

\e 2 (z - z ) 


te 


y-y 

2 


f y-y' ' 

— te 2 

y-y' 

2 


+ 0{A^). 


By choosing a smaller Aq, if necessary, we may assume that all the terms O(A^) 
appearing in the above identity are bounded by A/2. 

Let X G C satisfy dM{x) > Ky and let 

“ ^)€SL(2.R) 



be a representative for x belonging to the domain D. We shall show that if A = 
min(Ao,Im(x)^ Vl4) the function 

ax'. {t,y,z) GlA^xH{t)A{y)H{z) 


is injective. 

Suppose, by contradiction that this is not the case. Then there exists distinct 
triplets {t,y,z) G 4 and {t',y',z') G 4 such that ax{t,y,z) = ax{t',y',z'). It follows 
that the elements xi = xH(t)A{y)H(z) and x\ = xH{t')A{y')H{z') are distinct rep¬ 
resentatives of the same point xi G M. Since dist(x,xi) < 2 and dist(x,xj) < 2 and 
xi y xj, by a previous observation, there exists n G {0} such that x\ = 7„Xj, that 
is such that 

xH{t)A{y)H{z) = ynxH{t')A{y’)H{z !). 

Since 


(150) 


X ^ynX = 


fl+ ncd 
Y —nc^ 


nd^ \ 
1 — ncd J 


the previous identity may be rewritten as 
'l+ncd nd^ 


—nc^ 1 — ncd 


= F'{{t,y,z),{t’ ,y' ,z!)). 
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From this identity and the identity (149) we obtain 

nd^ = - t'e^ + O(A^) 

-nc^ =e^'^{z- z) + 0{A^) 

and conclude that 

\n\ Im(x)^^ = |?i(c^ + d^)\ < {4e + 2)A < 14A < Im(x)^^. 

We proved that n = 0, reaching a contradiction. The proof of the Lemma is con¬ 
cluded by observing that by the inequalities (148) the term Im(jc)^' is equivalent, 
up to an absolute constant depending only by the lattice, to the term exp{—dM{x)). 

□ 

Proof of Lemma 6.11. We use the same notation as in the proof of Lemma 6.4. Let 
V G C, where C is any cusp of the surface S. Let D be the fundamental domain of 
C described above, and let T G D be a representative of a. 

Then by definition of a (j3,T,r)-return, the points xHfi) and xH{tQ)H{z) are 
two representatives for the same point Then the observation mentioned 

below (148) gives an integer n such that 

m{h) = ynxH{tQ)H{z). 

Notice that n G Z \ {0}, because z / 0. 

Now by (150) and by multiplying on the right by (//(to)//(z))^\ we get 

/l+ncd nd^ ti (1-f toz) — loA 

Y —nc^ 1 — ncd J \ —Z 1 + toZ J 

The diagonal terms give that t^z = —ncd = IqZ- Because z / 0, it follows that 

to = ti. 

The bottom-left entry now implies that the point xexpfoU) is a periodic point, 
with period z = nc^, for the unstable horocycle flow {ht}- Lemma 6.11 follows 
from this. □ 
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